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Chapter 1
Introduction
1.1 Problem description
The present thesis aims to study the industrial process of glass wools and glass fibers.
Glass wool that is produced by a centrifugal spinning process is mostly used for the
thermal insulation in homes and buildings, and it is of increasing industrial impor-
tance. In the centrifugal spinning process, centrifugal forces press hot molten glass
through small nozzles of a rapidly rotating cylindrical drum. Thereby thin fibers are
formed that break into pieces due to the surrounding air streams. They are collected
by gravity on a conveyor belt in the form of a web. A schematic drawing of the
production process is given in Fig. 1.1, while Fig. 1.2 visualizes a real production
facility. The centrifugal spinning is a complex process. A model that can accurately
predict the shape and dynamics of the fibers using the internal variables like cross-
sectional area and fluid velocity would be of considerable benefit to industry. In this
thesis we do not study the complete production process. Instead we only focus on
the first steps, during which the glass fibers emerge from the spinneret. Thus, we do
not consider any subsequent breakings of the fibers when they are falling down to the
conveyer belt.
One of the most obvious observations in this process is that the fiber geometry is
slender, i.e. the ratio between radius and length is small. The geometry is not known
in advance except that the fibers are curved due to rotational forces. We describe
the fiber spinning process by three-dimensional free boundary value problem. The
equations are the Navier-Stokes equations with free surface boundary conditions.
These equations are difficult in general, but the slenderness of the fluid geometry
enables the simplification of the full three-dimensional mathematical model by means
of asymptotic analysis. Thereby, fiber dynamics can be predicted by a simple system
of one-dimensional equations.
1
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Figure 1.1: A schematic diagram of the centrifugal spinning process.
Figure 1.2: Glass wool production in a centrifugal spinning process.
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1.2 Literature review and objectives
We begin by briefly reviewing some of the models and techniques that have been
developed for related problems. There exists a large amount of literature on the flow
of straight, slender viscous fibers, mostly devoted to the fiber draw-down process,
the production of endless fibers. In this process nozzles are attached to a spinneret
and mechanical drawing is used to form the fibers from the melt. Finally, the fibers
solidify and are taken up by a winder. On the other hand, as described above,
the glass wool is manufactured in a centrifugal process without the use of a nozzle
extruder. However, the mathematical model concerning the manufacture of endless
glass fibers and glass wool is belonging to the same class of motions which can be
described as a uniaxial, extensional or elongational flow. The important differences
in the production of fibers in the draw-down and centrifugal spinning process are the
way in which the heat is applied in the spinneret and the boundary conditions at the
end of the fiber.
Mathematical models of the draw-down flows are typically based on a quasi-one-
dimensional approximation due to slenderness of the geometry. By assuming that
diameter of the filament is small compared to its length, a one-dimensional approach
can be directly used, e.g. [23, 32] for the modeling of the draw-down flow. There
are two other possibilities for the construction of one-dimensional equations. They
can either be derived from the assumption of a purely extensional flow, i.e. by means
of a systematic asymptotic reduction of the underlying equations of motion and free
surface conditions, or they can be derived systematically by the use of regular asymp-
totic expansions. Many authors, e.g. [2, 27] have derived 1D-approximations for the
straight fiber from the uniaxial flow assumptions in the context of viscoelastic jets and
fibers as well as for spinning a molten thread line. The construction of 1D-equations
by using regular asymptotic expansions for the extension and twist of a viscous non-
axissymetric fiber can be found in [11]. The analysis in this work is restricted to
viscous effects only. This work has later been generalized to include the effects of
inertia, gravity [10] and surface tension [6]. There are numerous other research works
on straight fibers in connection with stability and breakup. For this purpose we refer
the reader to [19, 28] and a recent review [14].
Fewer papers also examine viscous fibers with a curved center-line. For example, the
derivation of the one-dimensional model for the description of capillary and bending
disturbances is given in [4, 5, 15]. Moreover, two-dimensional sheets with curved
center-lines falling under gravity are studied in [12, 33], while an asymptotic derivation
and its discussion for curved fibers in the context of a Stokes flow problem is addressed
in [22]. Many recent studies have focused on the study of inviscid [7] and viscous [8]
liquid jets created from a rotational orifice. In their study of the prilling process in
the manufacture of fertilizers, one-dimensional model equations were derived from
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the assumption that the flow is uniaxial and the center-line of the jet is steady at
the leading order. Furthermore, a linear stability analysis of the derived inviscid
model is performed in [35]. Considering a fiber of a fixed length in the framework of
a steady-state solution, the evolution equations for cross-sectional area and velocity
are studied in [8] with a time dependent boundary condition. Although this work is
quite similar to our present problem, the investigation of the full evolution process of
a viscous fiber emerging from a rotating device as a free boundary value problem is
still open.
Thus, the main objective of this thesis is the derivation of an one-dimensional asymp-
totic model from the three-dimensional Navier-Stokes equations with free surface
boundary conditions. Thereby, we follow the sprit of [10] and [11] for straight fibers
and apply the concept of the regular asymptotic expansions on our curved liquid
fiber with an unsteady center-line emerging from a rotating orifice. Additionally, we
develop numerical schemes for the simulation of the steady and unsteady processes.
1.3 Outline of the thesis
In Chapter 2 we begin with the introduction of the fiber spinning process as a full
three-dimensional boundary value problem. The model equations are the Navier-
Stokes equations with free surface boundary conditions and the inflow condition.
Taking into account that the curvature of the fiber is not small, the model equations
are described in general coordinates. Scaled curvilinear coordinates with respect to
the fiber center-line are introduced. The equations are then analyzed asymptotically
and thereby an one-dimensional fiber model is derived.
The unsteady process of the derived asymptotic model is discussed in Chapter 3.
We first develop a numerical scheme based on a finite volume method to analyze
the unsteady case for a straight fiber, which is a special case of our problem. An
industrial application of the model is also presented. The developed numerical scheme
is then extended to the numerical simulation of the evolution of the fiber under
the influence of rotational and gravitational forces. In particular, to validate the
numerical simulation results, a comparison is made with analytical results in the
inviscid limit.
In Chapter 4 we numerically analyze the steady-state fiber model. A numerical
scheme based on the finite volume method is also developed to simulate the steady-
state model. In particular, the simulation results of the unsteady and steady state
problems are compared. Further, a projection approach is presented for suitable
numerical solutions of the steady-state model equations by means of a finite difference
method.
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Then in Chapter 5, the derived asymptotic model, in particular its steady-state ver-
sion, is used to predict the shape of the fiber center-line and its internal variables like
cross-sectional area, fluid velocity and tension based on industrial data.
Finally, some conclusions from this work are given in Chapter 6. An outlook on
possible extensions of this model is presented as subject of future work.
6 1. INTRODUCTION
Chapter 2
Mathematical Modeling
2.1 Introduction
During the production process of glass wool, hot molten material from a furnace is
transferred into a rotating device, and fibers are produced as centrifugal forces extrude
the material through many small holes. Common observations in this process are:
• the fiber geometry is slender, i.e. the ratio between the typical thickness and
the typical length is small,
• the free surface of the fiber is not known in advance,
• the fiber is curved due to the rotational forces.
We describe this process by a full three-dimensional free boundary value problem.
For the mathematical model a single three-dimensional viscous isothermal fiber is
investigated. We model the medium as an incompressible Newtonian fluid. We take
gravity and rotational forces into account, but neglect all other forces such as surface
tension and air resistance. Even when these assumptions are made, the equations for
the free boundary value problem are difficult in general. But, the slenderness of the
fluid geometry enables the simplification of the full three-dimensional mathematical
model by means of asymptotic analysis. Thereby we predict the fiber dynamics with
a simple and tractable system of equations. Thus, the primary aim of this chapter is
to derive a one-dimensional asymptotic model from the three-dimensional theory.
A brief outline of this chapter is as follows. In Section 2.2 we introduce the full three-
dimensional boundary value problem. The model equations are the Navier-Stokes
equations with free surface boundary conditions and inflow condition. In Section 2.3
the non-dimensionalization procedure of the fiber problem is presented. Taking into
7
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consideration that the curvature of the fiber can not be neglected, we describe the
model equations in general coordinates in Section 2.4. Scaled curvilinear coordinates
with respect to the fiber center-line are introduced in Section 2.5. In Section 2.6 we
analyze the full three-dimensional model equations asymptotically and derive thereby
the one-dimensional fiber model. Finally, we draw conclusions from the whole chapter
in Section 2.7.
2.2 Fiber spinning: Free boundary value problem
In order to avoid the use of unnecessarily many symbols referring to the same object
we denote the dimensional variables with superscript * and the dimensionless ones
without. A brief overview of the various mathematical conventions used throughout
this work is given in Appendix.
The free boundary value problem is described by the incompressible Navier-Stokes
equations with free surface and inflow boundary conditions. Let Ω∗(t∗) ⊂   3 be the
domain of interest and ∂Ω∗(t∗) = Γ∗fr(t
∗) ∪ Γ∗in with Γ∗fr(t∗) ∩ Γ∗in = ∅. Here Γ∗fr(t∗)
and Γ∗in are the free surface and the inflow boundary of the fiber, respectively. We
initialize the process time at t∗ = 0, i.e. throughout this work t∗ ∈   +. Then we have
the following set of equations:
Conservation of mass and momentum, r∗ ∈ Ω∗(t∗)
∇ · v∗(r∗, t∗) = 0 (2.1)
ρ(∂t∗v
∗(r∗, t∗) +∇ · (v∗ ⊗ v∗)(r∗, t∗)) = ∇ · S∗T (r∗, t∗) + f∗(r∗, t∗) (2.2)
Constitutive law
S∗ = −p∗I + µ(∇v∗ + (∇v∗)T ) (2.3)
Kinematic and dynamic boundary conditions, r∗ ∈ Γ∗fr(t∗)
(v∗ · n∗)(r∗, t∗) = w∗(r∗, t∗) (2.4)
(S∗ · n∗)(r∗, t∗) = 0 (2.5)
Inflow boundary condition, r∗ ∈ Γ∗in
v∗(r∗, t∗) = v∗in(r
∗) (2.6)
Initial condition
Ω∗(0) = ∅ (2.7)
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The symbols v∗, ρ and S∗ denote the fluid velocity, the constant density and the
stress tensor. Here, f ∗ represents the body forces that contain the force of gravity
and the rotational forces due to the rotation of the spinning device, p∗ and µ are the
pressure and the coefficient of constant viscosity. The n∗ stands for the unit outward
normal vector of the free surface and w∗ is the speed of the free surface.
Assumption 2.1 We assume that the inflow boundary Γ∗in is a time-independent
plane. In other words, we consider a planar cross-sectional shape of the nozzle.
Remark 2.1 In order to simplify the following asymptotic analysis of the three-
dimensional model in Eqs. (2.1)-(2.7), we have excluded surface tension. As a result
we retain the homogenous dynamic boundary condition Eq. (2.5). To study the
surface tension effect in the model, the boundary condition Eq. (2.5) can be modified
in the following way
(S∗ · n∗)(r∗, t∗) = −σκn∗(r∗, t∗), (2.8)
where σ is the constant coefficient of the surface tension and κ the mean curvature
of the free surface. The stated pressure p∗ in Eq. (2.3) is the hydrodynamic pressure
considered relatively with respect to the constant atmospheric pressure p∗0.
Remark 2.2 The given fiber problem is addressed with the zero initial condition
Eq. (2.7). This initial condition states that in the starting phase of the spinning
process the length of the fiber is very small, even smaller than the length of the
nozzle. Thus, in the starting phase the fiber can not be described as a slender body.
However, in this work we are interested in the phase when the fiber has grown up to
a certain minimum length and slender body theory is applicable.
Remark 2.3 The body forces f ∗ used in Eq. (2.2) are discussed in more detail later in
Section 2.7. The reason behind expressing the stress tensor S∗ in a separate Eq. (2.3)
is explained in Section 2.5 (Theorem 2.2).
Remark 2.4 If the free surface is given implicitly by a function or explicitly in a
parameterized form, then we are able to calculate the normal vector and surface
speed. In detail:
• If we describe the free surface implicitly by a function H∗(· , t∗) :   3 7→   , with
H∗(r∗, t∗) < 0 for r∗ ∈ Ω∗(t∗) and H∗(r∗, t∗) > 0 for r∗ /∈ Ω∗(t∗), i.e.
Γ∗fr(t
∗) = {r∗ ∈   3 \ Γ∗in : H∗(r∗, t∗) = 0}
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then for r∗ ∈ Γ∗fr(t∗) the normal vector and surface speed are given by
n∗(r∗, t∗) =
∇H∗
‖ ∇H∗ ‖(r
∗, t∗) and w∗(r∗, t∗) = − ∂t∗H
∗
‖ ∇H∗ ‖(r
∗, t∗). (2.9)
We assume that H∗ is at least of class C1. In this case, the kinematic boundary
condition Eq. (2.4) can be written in the following way
∂t∗H
∗(r∗, t∗) + (v∗ · ∇H∗)(r∗, t∗) = 0 for r∗ ∈ Γ∗fr(t∗).
• If the free surface is given in a parameterized form by a function ζ∗(· , t∗) : U ⊂
  2 7→ Γ∗fr(t∗), then for any (ϑ, ϕ) ∈ U , the normal vector and surface speed are
given by
n∗(ζ∗(ϑ, ϕ, t∗), t∗) =
∂ϑζ
∗ × ∂ϕζ∗
‖∂ϑζ∗ × ∂ϕζ∗‖(ϑ, ϕ, t
∗) and
w∗(ζ∗(ϑ, ϕ, t∗), t∗) = ∂t∗ζ
∗(ϑ, ϕ, t∗) · n∗(ζ∗(ϑ, ϕ, t∗), t∗). (2.10)
We consider that ζ∗ is a bijective mapping and at least of class C1. In this case
the kinematic condition Eq. (2.4) can be rewritten in the following way
(v(ζ∗(ϑ, ϕ, t∗), t∗)− ∂t∗ζ∗(ϑ, ϕ, t∗)) · (∂ϑζ∗ × ∂ϕζ∗)(ϑ, ϕ, t∗) = 0.
For the asymptotic analysis of slender body theory, the implicit description of the
free surface is used by many authors, e.g. [10, 11]. In the present work, we deal with
an explicit representation for technical reasons.
2.3 Non-dimensionalization
2.3.1 Scaling
We non-dimensionalize the variables by a typical fiber length in the process L0, a
typical velocity V and by the given constant fluid density ρ. We particularly choose
V as the mean velocity at the nozzle, i.e.
V = −
∫
Γ∗
in
v∗in · n∗dA∫
Γ∗
in
dA (2.11)
The negative sign is due to the direction of normal vector at the nozzle. Then, we
obtain:
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Space-time variables:
r∗ = L0r t
∗ = (L0/V )t
Geometry:
n∗(L0r, (L0/V )t) = n(r, t) w
∗(L0r, (L0/V )t) = V w(r, t)
Observables:
v∗(L0r, (L0/V )t) = V v(r, t) p
∗(L0r, (L0/V )t) = ρV
2p(r, t)
S∗(L0r, (L0/V )t) = ρV
2S(r, t) f∗(L0r, (L0/V )t) = (ρV
2/L0)f(r, t)
Fiber domain:
Ω∗((L0/V )t) = L0Ω(t)
Γ∗fr((L0/V )t) = L0Γfr(t) Γ
∗
in = L0Γin
The important dimensionless parameter is the Reynolds number Re = ρL0V/µ that
characterizes the relation between inertial and viscous forces.
2.3.2 Model equations in non-dimensional form
After using the above transformation relations the model equations for t ∈   + in
non-dimensional form read:
Conservation of mass and momentum, r ∈ Ω(t)
∇ · v(r, t) = 0 (2.12)
∂tv(r, t) +∇ · (v ⊗ v)(r, t) = ∇ · ST (r, t) + f(r, t) (2.13)
Constitutive law
S = −pI + 1
Re
(∇v + (∇v)T ) (2.14)
Kinematic and dynamic boundary conditions, r ∈ Γfr(t)
(v · n)(r, t) = w(r, t) (2.15)
(S · n)(r, t) = 0 (2.16)
Inflow boundary condition, r ∈ Γin
v(r, t) = vin(r) (2.17)
Initial condition
Ω(0) = ∅ (2.18)
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2.3.3 Identification of a small parameter
Consideration of the slender fiber geometry allows the identification of the slenderness
parameter 
 = | Γin |1/2 = | Γ
∗
in |1/2
L0
, (2.19)
where | Γin |=
∫
Γin
dA is the measure of the inflow boundary Γin. In the following we
search for an asymptotic solution of our problem for small .
Finally, Eq. (2.11) reads in the dimensionless form
−
∫
Γin
vin · n dA∫
Γin
dA = 1. (2.20)
2.4 Model equations in general coordinates
By modeling a fiber that is emerging from a rotating device, it is natural to assume
that its curvature is not negligibly small. To describe the motion of the curved slender
fiber efficiently, we rewrite therefore the free boundary value problem in a scaled
curvilinear coordinate system associated with the fixed parameter  and analyze the
problem asymptotically. In order to do this, we first transform the non-dimensional
fiber system (2.12)-(2.18) in general coordinates. In Section 2.5 the scaled curvilinear
coordinates will be then treated as a particular special case.
The balance laws in general time-independent coordinates are well known in liter-
ature, e.g. [29]. Whenever the general coordinates depend on time, special care is
needed to formulate the balance laws. Many research papers, e.g. [26] and [36], are
devoted to the derivation of the contravariant form of the Navier-Stokes equations
in time-dependent general coordinates. In the present work, we follow a concept for
the coordinate transformation that is exemplified in [1] for the transformation from
Lagrange to Euler coordinates. More precisely, we formulate the conservation laws by
incorporating the velocity vectors in both, the Cartesian and the general coordinate
system. More details are given in the following.
2.4.1 Concept
A time-dependent coordinate transformation for any t ∈   + is defined by the function
r˘(·, t) : Ωˆ(t) ⊂   3 7→ Ω(t) ⊂   3, (x, t) 7→ r˘(x, t).
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We suppose that r˘ is of class C2 and r˘(·, t) is bijective. We denote its inverse map by
x˘, i.e.
r˘(x˘(r, t), t) = r and x˘(r˘(x, t), t) = x.
We denote the coordinate transformation matrix as
F(x, t) = ∇xr˘(x, t), (2.21)
its functional determinant as
J(x, t) = det(F(x, t)) (2.22)
and its inverse matrix as
G(x, t) = F−1(x, t) = ∇rx˘(r˘(x, t), t). (2.23)
We further introduce
q˜(x, t) = ∂tr˘(x, t) or q(r, t) = q˜(x˘(r, t), t) (2.24)
as the velocity of the coordinates.
We generally use the notation of Eq. (2.24) for the transformation of scalar, vector
and tensor fields, i.e.
f˜(x, t) = f(r˘(x, t), t) and f(r, t) = f˜(x˘(r, t), t). (2.25)
In the next two sections we introduce special transformations for the fields of mass
density, volume force density, velocity and stress as well as for the geometric quantities
of normal vector and surface speed.
2.4.2 Transformation of observables
2.4.2.1 Mass density and volume force density
Due to scaling and the assumption of incompressibility the mass density in the spatial
coordinates is 1. We define in the general coordinates
ρˆ(x, t) = J(x, t). (2.26)
This definition (2.26) guarantees that for B ⊂ Ωˆ(t)∫
B
ρˆ(x, t)dx =
∫
B
J(x, t) dx =
∫
r˘(B,t)
dr.
The integration of ρˆ over the domain B in the general coordinates gives the mass
in the spatial image r˘(B, t) of this domain. Similarly, the volume force density is
defined as
fˆ(x, t) = J(x, t)f˜(x, t). (2.27)
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2.4.2.2 Velocity
Let v(r, t) be the velocity in the space point r at time t. Using q˜ and v˜ given by
Eqs. (2.24) and (2.25), we define with respect to the general coordinates the ”intrinsic”
velocity
vˆ(x, t) = (v˜(x, t)− q˜(x, t)) ·G(x, t). (2.28)
This definition (2.28) is motivated by the following considerations. The velocity field
v(r, t) in the space point r at time t is realized as tangent vector to a space curve
parameterized by time, let us say Υ(t). Then we define
v(r, t) = ∂tΥ(t) with r = Υ(t).
The corresponding curve Υˆ(t) in the general coordinates satisfies Υ(t) = r˘(Υˆ(t), t).
Then
∂tΥ(t) = ∂tΥˆ(t) · F(Υˆ(t), t) + q˜(Υˆ(t), t).
We introduce
vˆ(x, t) = ∂tΥˆ(t) with x = Υˆ(t)
as the velocity field in the general coordinates in the position x at time t. Thus, we
get
v˜(x, t) = v(r˘(x, t), t) = vˆ(x, t) · F(x, t) + q˜(x, t).
Thus, the definition (2.28) guarantees that vˆ is tangent to the transformed space
curve.
2.4.2.3 Stress tensor
Let S(r, t) be the stress tensor in the space point r at time t. Using S˜ given by
Eq. (2.25), we define
Sˆ(x, t) = J(x, t)S˜(x, t) ·G(x, t). (2.29)
This definition (2.29) makes sure that for a surface S in the general coordinates with
normal vector nˆ and the spatial image r˘(S, t) with normal vector n, the following
relation holds ∫
S
(Sˆ · nˆ)(x, t)dA =
∫
r˘(S,t)
(S · n)(r, t)dA.
For the proof of this relation we refer to [1].
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2.4.3 Transformation of the geometry
Let n(r, t) be the normal vector to the free surface in the space point r at time t.
Using n˜ given by Eq. (2.25), we define
nˆ(x, t) =
F · n˜
‖F · n˜‖(x, t). (2.30)
Let w(r, t) be the speed of the free surface in the space point r at time t. Using q˜, w˜
and n˜ given by Eqs. (2.24) and (2.25), we define
wˆ(x, t) =
(w˜ − q˜ · n˜)
‖F · n˜‖ (x, t). (2.31)
The motivation for the definitions in Eqs. (2.30) and (2.31) are due to the following
reasons. If the free surface is given implicitly by H(r, t) = 0, according to Remark
2.4, then the normal vector and the surface speed read
n(r, t) =
∇rH
‖∇rH‖(r, t) and w(r, t) = −
∂tH
‖ ∇rH ‖(r, t).
As a consequence of the transformation relation in Eq. (2.25), we have
∇xH˜(x, t) = F(x, t) · ∇rH(r, t)|r=r˘(x,t) and
∂tH˜(x, t) = ∂tH(r, t) + q(r, t) · ∇rH(r, t)|r=r˘(x,t).
By using these equations one can easily prove that
nˆ(x, t) =
∇xH˜
‖∇xH˜‖
(x, t) and wˆ(x, t) = − ∂tH˜‖ ∇xH˜ ‖
(x, t),
i.e. nˆ and wˆ are the normal vector and surface speed of the transformed geometry.
2.4.4 Transformation of the free boundary value problem
In this section the transformation of the free boundary value problem in general
coordinates is presented. For the transformation stated in Theorem 2.1 the following
lemma is needed. Although especially the first part of the lemma is well known in
literature, e.g. [1, 20], we prefer to give here a short proof for the better understanding.
Lemma 2.1 Let the functions J,G, and q be given as in Eqs. (2.22)- (2.24). Then
the following relations hold
∂tJ = J∇r · q|r=r˘(x,t) (2.32)
∇x · (JGT ) = 0. (2.33)
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Proof. For the proof we use the following relation: Let Lin denote the set of linear
transformations A :
  3 7→   3 (set of real valued second order tensors) with determi-
nant det : Lin 7→   , A 7→ det(A). Then by means of Fre´chet derivative, we have
∂A det(A)(B) = (detA)A
−T : B (2.34)
for every B ∈ Lin. The relation (2.34) is proved for example in [1]. Consequently, we
obtain
∂tJ = J F
−T : ∂tF = J G
T : ∇xq˜ = J tr(G · ∇xq˜)
= J tr(∇rx˘|r=r˘(x,t) · ∇xq˜) = J tr(∇rq)|r=r˘(x,t) = J ∇r · q|r=r˘(x,t)·
This yields Eq. (2.32).
Again with Eq. (2.34), we have
∇x · (J GT ) = G · ∇xJ + J ∇x ·GT = JG · ∇xF : GT + J ∇x ·GT
and
∇xF : GT = ∇x∇xr˘ : GT = ∇x · (∇xr˘ ·G)−∇xr˘ · (∇x ·GT ) = −F · (∇x ·GT )
which results in Eq. (2.33). 2
Theorem 2.1 The governing equations of the problem in the general coordinates
are:
Conservation of mass and momentum, x ∈ Ωˆ(t)
∂tJ(x, t) +∇x · (J vˆ)(x, t) = 0 (2.35)
∂t(J v˜)(x, t) +∇x · (J vˆ ⊗ v˜)(x, t) = ∇x · SˆT (x, t) + fˆ(x, t) (2.36)
Coupling condition
vˆ = (v˜ − q˜) ·G (2.37)
Constitutive law
Sˆ = J
(
−p˜I + 1
Re
(
(G · ∇v˜) + (G · ∇v˜)T )) ·G (2.38)
Kinematic and dynamic boundary conditions, x ∈ Γˆfr(t)
(vˆ · nˆ)(x, t) = wˆ(x, t) (2.39)
(Sˆ · nˆ)(x, t) = 0 (2.40)
Inflow boundary condition, x ∈ Γˆin
v˜(x, t) = v˜in(x) (2.41)
Initial condition
Ωˆ(0) = ∅ (2.42)
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Proof. We lead the proof with the help of Lemma 2.1 and on the basis of the
definitions of the respective fields.
∂tJ = J(∇r · q)|r=r˘(x,t)
and by using Eq. (2.28), we have
∇x · (J vˆ) = ∇x · (J(v˜ − q˜) ·G) = J ∇r · (v− q)|r=r˘(x,t)·
This gives Eq. (2.35).
After similar calculations, we obtain
∂t(J v˜) = J(∂tv +∇r · (q⊗ v))|r=r˘(x,t),
and
∇x · (J vˆ ⊗ v˜) = J(∇r · ((v − q)⊗ v))|r=r˘(x,t)·
The first part of the above calculation can also be easily concluded from the Reynolds
transport theorem [16].
The stress relation gives
∇x · SˆT = ∇x · (J S˜ ·G)T = J ∇r · ST |r=r˘(x,t).
The outer volume force density simply reads by definition
fˆ = Jf |r=r˘(x,t)·
These relations yields Eq. (2.36).
The coupling condition Eq. (2.37) is the definition of vˆ. The proof of Eqs. (2.39) and
(2.40) follows directly from the definitions of the respective quantities. The inflow
boundary condition Eq. (2.41) is just a consequence of the fact that the velocity is
defined at the new position. The transformation of the constitutive law Eq. (2.38)
can be concluded from the definition of the field given in Eq. (2.25) and the chain
rule. 2
Remark 2.5 If the coordinate transformation is given by ∂tr˘ = v˜ with r˘(x, 0) = x,
then we have q˜ = v˜ and therefore vˆ = 0. In this special case, Eqs. (2.35)-(2.42) are
the free boundary value problem in Lagrangian coordinates.
Remark 2.6 The ”intrinsic” velocity in the general coordinates vˆ(x, t) describes
the convection in the mass and momentum equations Eq. (2.35) and (2.36), whereas
v˜(x, t) = v(r˘(x, t), t) is associated with the momentum, i.e. the transported quantity.
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2.5 Scaled curvilinear coordinates
In the previous section, the governing equations and the free surface conditions were
described in a time-dependent general coordinate system. In this section, we will now
introduce a curve in the fiber domain Ω(t) that can be interpreted as the center-line.
We will construct scaled curvilinear coordinates with respect to this curve. We will
follow the general procedure given in the previous section and write the equations of
motion and free surface conditions with respect to the scaled curvilinear coordinates.
2.5.1 Concept
Let γ(s, t) be a three-dimensional time-dependent arc-length parameterized curve in
the domain Ω(t) ⊂   3 with arc-length s ∈   +0 . In the following sections the domain
Ω(t) will be interpreted as the fiber domain. By assuming γ ∈ C3, we introduce the
curvature κ =‖ ∂ssγ ‖. Moreover, with the technical assumption that κ 6= 0, the
torsion of the curve is given by
λ =
1
κ2
∂sγ · (∂ssγ × ∂sssγ).
The tangent, normal and binormal vectors with respect to the curve γ are
τ = ∂sγ, η =
1
κ
∂ssγ and b = τ × η (2.43)
and they are related with the following formulas,
∂sτ = κη
∂sη = −κτ + λb
∂sb = −λη.
(2.44)
These so-called Serret-Frenet formulae are stated for example in [13]. Now, we con-
veniently transform the normal and binormal vectors in the following way [3]
η1 = cos(φ)η − sin(φ)b
η2 = sin(φ)η + cos(φ)b
(2.45)
with the torsion angle
φ(s, t) =
∫ s
0
λ(s′, t)ds′.
Using this transformation in Eq. (2.44) leads to
∂sτ = κ cos(φ)η1 + κ sin(φ)η2
∂sη1 = −κ cos(φ)τ
∂sη2 = −κ sin(φ)τ .
(2.46)
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We now introduce scaled curvilinear coordinates depending on the curve γ.
The specific coordinate transformation map with respect to a given curve γ and for
a fixed  ∈   + is defined by
r˘γ,(x, t) = γ(s, t) +  x1η1(s, t) +  x2η2(s, t) with s = x3. (2.47)
In the following sections  will be interpreted as the slenderness parameter given in
Eq. (2.19). For brevity we write r˘ instead of r˘γ,. Assuming that r˘ is a bijective map,
the corresponding coordinates are called scaled curvilinear coordinates with respect
to γ and . A sample sketch of the scaled curvilinear coordinates is given in Fig. 2.1.
e3
e2
r =
3∑
i=1
riei = γ(s, t) + x1η1(s, t) + x2η2(s, t)
τ
η1
.
η2
e1
Figure 2.1: Sketch of the scaled curvilinear coordinates
The map (2.47) deserves a few comments. Firstly, the map r˘ only depends on the
curve γ and the slenderness parameter . In case  = 1, the scaled curvilinear
coordinates reduce to un-scaled ones. Secondly, the quantities F, J and G that are
defined in Eqs. (2.21)-(2.23) depend also only on the curve γ and the parameter .
Convention 2.1 In the following we use the generalized Einstein summation con-
vention: Latin and Greek indices take their values in the sets {1, 2, 3} and {1, 2}
respectively.
We recall relation (2.46) and rewrite it using the Einstein summation convention
∂sτ = (∂αh)ηα
∂sηα = −(∂αh)τ , (2.48)
where
h(x, t) = x1κ cos(φ) + x2κ sin(φ).
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Additionally, we note that xα∂αh = h.
We study now this special coordinate transformation using the canonical basis in
  3,
e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1).
We write the matrix F of Eq. (2.21) in the following way
F = ei ⊗ fi, where fi = ∂ir˘. (2.49)
The fi are the ”row vectors” of F that are given by
f1 = η1, f2 = η2, f3 = (1− h)τ . (2.50)
Thus, the determinant of F reads
J = 2(1− h). (2.51)
Similarly, the inverse G of Eq. (2.23) is given by
G = gi ⊗ ei, (2.52)
where gi are the ”column vectors” of G. They are equal to
g1 =
1

η1, g2 =
1

η2, g3 =
1
(1− h)τ . (2.53)
Consequently, F and G consist of η1, η2 and τ in a simple way. This is one of the
reasons why to introduce η1, η2 instead of η and b.
2.5.2 Fiber problem: Scaled curvilinear coordinate system
Before giving the fiber problem in the scaled curvilinear coordinates, we make the
following assumptions on the fiber domain and its cross-sections.
Assumption 2.2 Presupposing the existence of an arc-length parameterized and
time-dependent curve γ : [0, L(t))×   + 7→ Ω(t), we assume the following:
• The coordinate transformation map (2.47) is a bijective mapping, i.e. scaled
curvilinear coordinates exist, see Fig.2.2.
• The fiber domain is given by the ”fiber length” L(t) and the radius function
R ∈ C1, R(·, t) : [0, 2pi)× [0, L(t)) 7→   + (periodic in [0, 2pi)) in such a way that
Ω(t) = r˘(Ωˆ(t), t) and
Ωˆ(t) = {x = (x1, x2, s) ∈   3 : (x1, x2) ∈ A (s, t), s ∈ [0, L(t))}.
with ”cross-section” A (s, t) described by
A (s, t) ={(x1, x2) ∈   2 : x1 = % cos(ψ), x2 = % sin(ψ),
% ∈ [0, R(ψ, s, t)], ψ ∈ [0, 2pi)}.
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• The curve γ can be chosen as center-line, i.e.∫
A (s,t)
x1dx1dx2 =
∫
A (s,t)
x2dx1dx2 = 0.
Ωˆ
A (L(t), t)× {L(t)}
Γˆlat
A (0, t)× {0}
Γfr
Γin
Ω
γ
x˘
r˘
e3
Figure 2.2: Sketch of the fiber domain. Left: In space coordinates, Right: In scaled
curvilinear coordinates
As a consequence of Assumption 2.2, γ(0, t) = γ0 describes the center of the time-
independent planar inflow boundary Γin, and ∂sγ(0, t) = τ 0 is the normal of Γin in
negative direction.
Remark 2.7 With Assumption 2.2, the whole fiber domain can be completely de-
scribed by three quantities: the fiber length L, the curve γ and the radius function
R. In the following we refer to both Ω (in the spatial coordinates) and Ωˆ (in the
scaled curvilinear coordinates) as fiber domain.
As a further consequence of Assumption 2.2, the lateral surface of the fiber in the
scaled curvilinear coordinate that we denote by Γˆlat(t) is introduced in a parameter-
ized form as follows. For any t ∈   +, we define the bijective mapping ξ(· , t) : [0, 2pi)×
[0, L(t)) 7→ Γˆlat(t) ⊂   3 by
ξ(ψ, s, t) = (R(ψ, s, t) cos(ψ), R(ψ, s, t) sin(ψ), s). (2.54)
Following Remark 2.4, we can calculate the normal vector nˆ and the surface speed wˆ
as
nˆ(ξ, t) =
∂ψξ × ∂sξ
‖ ∂ψξ × ∂sξ ‖ and wˆ(ξ, t) = ∂tξ · nˆ(ξ, t). (2.55)
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Note that here and in the following we use the sloppy notations ξ = ξ(ψ, s, t) and
R = R(ψ, s, t).
Under the coordinate transformation of Eq. (2.47), the inflow boundary Γin is given
by
Γin = r˘(A (0, t), 0, t).
The inflow cross-section and the inflow velocity in the scaled curvilinear coordinates
fulfill
| A (0, t) |= 1 and
∫
A (0,t)
v˜in · τ 0 dx1dx2 = 1. (2.56)
These relations are a direct consequence of the corresponding relations in Eqs. (2.19)
and (2.20) stated in the spatial coordinates.
We now follow the general transformation law given in Section 2.4 and write the free
boundary value problem with respect to the scaled curvilinear coordinates introduced
in Eq. (2.47).
Theorem 2.2 The governing equations of the problem in the scaled curvilinear co-
ordinates are:
Conservation of mass and momentum, x ∈ Ωˆ(t)
∂tJ(x, t) +∇ · (J vˆ)(x, t) = 0 (2.57)
∂t(J v˜)(x, t) +∇ · (J vˆ ⊗ v˜)(x, t) = ∇ · SˆT (x, t) + fˆ(x, t) (2.58)
Coupling condition
vˆ(x, t) = ((v˜− q˜) ·G)(x, t) (2.59)
Constitutive law
Sˆ = −p˜[(1− h)(ηα ⊗ eα) + 2(τ ⊗ e3)] (2.60)
+
1
Re
[(1− h) (∂α(vˆ · eβ) + ∂β(vˆ · eα)) (ηα ⊗ eβ)
+ ((1− h)∂α(vˆ · e3) + 
3
(1− h)∂s(vˆ · eα))(ηα ⊗ e3)
+
(
2∂s(vˆ · eα) + (1− h)2∂α(vˆ · e3)
)
(τ ⊗ eα)
+ (2 2∂s(vˆ · e3)− 2
3
(1− h) (∂th + (vˆ · eα)∂αh+ (vˆ · e3)∂sh))(τ ⊗ e3)]
Kinematic and dynamic boundary conditions (lateral surface), x ∈ Γˆlat(t)
(vˆ · nˆ)(x, t) = wˆ(x, t) (2.61)
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(Sˆ · nˆ)(x, t) = 0 (2.62)
Kinematic and dynamic boundary conditions (bottom surf.), x ∈ A (L(t), t)× {L(t)}
dL(t)
dt
= (vˆ · e3)(x, t) with L(0) = 0 (2.63)
(Sˆ · e3)(x, t) = 0 (2.64)
Inflow boundary condition, x ∈ A (0, t)× {0}
v˜(x, t) = v˜in(x) (2.65)
Arc-length parameterization
‖ ∂sγ ‖= 1 (2.66)
Initial position and direction
γ(0, t) = γ0 and ∂sγ(0, t) = τ 0 (2.67)
Center-line condition ∫
A (s,t)
x1dx1dx2 =
∫
A (s,t)
x2dx1dx2 = 0. (2.68)
Proof. The proof of the theorem is the direct consequence of Theorem 2.1. The
boundary conditions at the bottom surface of the fiber Eqs. (2.63) and (2.64) result
from the fact that the normal vector at A (L(t), t) is e3. For the completion of the
proof we only need to calculate the stress tensor. We outline the steps that are
required to yield the results.
By using the velocities relations in Eq. (2.59), we write
∇v˜ = ∇(vˆ · F + q˜) = ∇vˆ · F +∇FT · vˆ +∇q˜. (2.69)
Applying Eq. (2.69), we rewrite the stress tensor Sˆ given in Eq. (2.38) in the following
way
Sˆ = J [−p˜ I ·G + 1
Re
{
((G · ∇vˆ · F) + (G · ∇vˆ · F)T ) ·G (2.70)
+((G · ∇FT · vˆ) + (G · ∇FT · vˆ)T ) ·G + ((G · ∇q˜) + (G · ∇q˜)T ) ·G}],
where the velocity of the coordinates q˜ is
q˜ = ∂tr˘ = ∂tγ +  xα∂tηα. (2.71)
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For the final computation of the stress tensor, we draw the reader’s attention to the
typical steps of the calculation procedure. Starting with
∇FT = ei ⊗ ∂ifj ⊗ ej. (2.72)
We split the terms of Eq. (2.72) in the following way
∇FT = eα ⊗ ∂αfβ ⊗ eβ + eα ⊗ ∂αf3 ⊗ e3 + e3 ⊗ ∂sfβ ⊗ eβ + e3 ⊗ ∂sf3 ⊗ e3.
By using Eqs. (2.48) and (2.50), we get
∇FT = − ∂αh(eα ⊗ τ ⊗ e3)−  ∂αh(e3 ⊗ τ ⊗ eβ)
−  ∂sh(e3 ⊗ τ ⊗ e3) + (1− h) ∂αh(e3 ⊗ ηα ⊗ e3).
With similar arguments and Eqs. (2.48) and (2.71), we have
∇q˜ =  (eα ⊗ ∂tηα)−  ∂th(e3 ⊗ τ ) + (1− h) (e3 ⊗ ∂tτ )
and
∇vˆ · F = (ei ⊗ ∂ivˆ) · (ej ⊗ fj)
=  ∂α(vˆ · eβ)(eα ⊗ ηβ) + (1− h) ∂α(vˆ · e3)(eα ⊗ τ )
+ ∂s(vˆ · eβ)(e3 ⊗ ηβ) + (1− h) ∂s(vˆ · e3)(e3 ⊗ τ ).
The calculation of all terms of Sˆ need a lot of steps. However, all steps follow the
same procedure which is described above. Thus, we omit technical details and just
present the outcome of the relevant terms.
By using the definition of G given in Eq. (2.52), the computation of the pressure
term is straight forward,
−p˜ (I ·G) = −p˜ [1

(ηα ⊗ eα) +
1
(1− h)(τ ⊗ e3)]. (2.73)
The results for the others terms are
((G · ∇vˆ · F) + (G · ∇vˆ · F)T ) ·G (2.74)
=
1

(∂α(vˆ · eβ) + ∂β(vˆ · eα)) (ηα ⊗ eβ)
+ (
1

∂α(vˆ · e3) + 
(1− h)2∂s(vˆ · eα))(ηα ⊗ e3)
+ (
1
(1− h)∂s(vˆ · eα) +
(1− h)
2
∂α(vˆ · e3))(τ ⊗ eα)
+
2
(1− h)∂s(vˆ · e3)(τ ⊗ e3)
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and
((G · ∇FT · vˆ) + (G · ∇FT · vˆ)T ) ·G (2.75)
= − 2 
(1− h)2 ((vˆ · eα)∂αh+ (vˆ · e3)∂sh) (τ ⊗ e3).
Due to the fact that ∂t(τ ⊗ τ + ηα ⊗ ηα) = 0, we get
((G · ∇q˜) + (G · ∇q˜)T ) ·G = − 2  ∂th
(1− h)2 (τ ⊗ e3). (2.76)
Finally, Eq. (2.60) follows from Eqs. (2.73)-(2.76) and J given in Eq. (2.51).
Equations (2.66)-(2.68) are the consequence of Assumption 2.2. 2
Remark 2.8 Note that the unknowns of the fiber problem described by Eqs. (2.57)-
(2.68) in the scaled curvilinear coordinate system are vˆ, v˜, p˜, nˆ, wˆ,γ and L. The
quantities F, J and G are associated with the curve γ according to Eqs. (2.49),
(2.51) and (2.52).
2.5.3 Integration over cross-sections in curvilinear coordi-
nates
For later application, we state special rules for the integration over the cross-sections
and its boundary curves. For the formulation we consider scalar, vector or tensor
valued functions f that are differentiable and integrable on A . Define
< f >A (s,t) =
∫
A (s,t)
f(x1, x2, s, t)dx1dx2
< f >∂A (s,t) =
∫
∂A (s,t)
f√
nˆ21 + nˆ
2
2
dl,
where nˆ = (nˆ1, nˆ2, nˆ3) is the unit normal vector to the free surface.
Theorem 2.3 If f is a differentiable and integrable function on A , then
∂s < f >A (s,t)=< ∂sf >A (s,t) − < fnˆ3 >∂A (s,t) (2.77)
and
∂t < f >A (s,t)=< ∂tf >A (s,t) + < fwˆ >∂A (s,t) . (2.78)
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This theorem is already stated in [11] in connection with the asymptotic derivation
of a straight fiber. Nevertheless, under our assumptions of a parameterized surface
the proof is simple calculus.
Proof: Note that the normal vector at the front surfaces, i.e. A (0, t) and A (L(t), t)
are −e3 and e3. For the lateral surface of the fiber we consider the parameterization
ξ given in Eq. (2.54).
By using Eq. (2.54), the tangent vectors associated to the coordinates line are
∂ψξ = (−R sin(ψ) + ∂ψR cos(ψ), R cos(ψ) + ∂ψR sin(ψ), 0),
∂sξ = (∂sR cos(ψ), ∂sR sin(ψ), 1).
The unit normal vector to the free surface introduced in Eq. (2.55) is now given by
nˆ(ξ, t) =
∂ψξ × ∂sξ
‖ ∂ψξ × ∂sξ ‖ ,
where
∂ψξ × ∂sξ = (R cos(ψ) + ∂ψR sin(ψ), R sin(ψ)− ∂ψR cos(ψ), −R∂sR)
and
‖ ∂ψξ × ∂sξ ‖=
√
R2 + (∂ψR)2 + (R∂sR)2.
The space curve ∂A (s, t) for fixed t and s belonging to the cross-section A (s, t) is
parameterized by ξ(· , s, t). For the computation of the associated line integral we
need
‖ ∂ψξ ‖=
√
R2 + (∂ψR)2.
Now, Eq. (2.77) follows directly from the parameterization:
∂s(
∫
A (s,t)
fdx1dx2)
=
∫ 2pi
0
∂s
(∫ R(ψ,s,t)
0
f(% cos(ψ), % sin(ψ), s)% d%
)
dψ
=
∫ 2pi
0
∫ R(ψ,s,t)
0
∂sf(% cos(ψ), % sin(ψ), s)% d% dψ
+
∫ 2pi
0
f(R(ψ, s, t) cos(ψ), R(ψ, s, t) sin(ψ), s)R(ψ, s, t)∂sR(ψ, s, t)dψ
=
∫
A (s,t)
∂sfdx1dx2 −
∫
∂A (s,t)
f
nˆ3√
nˆ21 + nˆ
2
2
dl.
Using similar arguments and
wˆ(ξ, t) = ∂tξ · nˆ(ξ, t) = R∂tR√
R2 + (∂ψR)2 + (R∂sR)2
,
Eq. (2.78) results also directly from the parameterization. 2
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Corollary 2.1 Let m and M be arbitrary vector and tensor fields that have the
same properties as f in Theorem 2.3, then
< ∇ ·m >A (s,t)= ∂s < m · e3 >A (s,t) + < m · nˆ >∂A (s,t) (2.79)
< ∇ ·MT >A (s,t)= ∂s < M · e3 >A (s,t) + < M · nˆ >∂A (s,t) . (2.80)
Proof. The proof results from Gauss Theorem and Theorem 2.3. 2
2.5.4 Integrated equations
In the following we integrate the mass and momentum equations over the cross-
sections. By using the free surface boundary conditions we are able to derive equations
that have already the form of one-dimensional conservation laws. These will play the
crucial role in the asymptotic analysis of the one-dimensional fiber model in Section
2.6.
Theorem 2.4 Suppose the system (2.57)-(2.68) has a solution, then the following
relations hold
∂t < J >A (s,t) +∂s < J(vˆ · e3) >A (s,t)= 0 (2.81)
and
∂t < J v˜ >A (s,t) +∂s < J(vˆ · e3)v˜ >A (s,t)= ∂s < Sˆ · e3 >A (s,t) + < fˆ >A (s,t) . (2.82)
Proof: The proof follows directly from integration of Eqs. (2.57) and (2.58) over the
cross-sections and the free boundary conditions Eqs. (2.61) and (2.62) under regard
of Theorem 2.3 and Corollary 2.1. 2
2.6 Asymptotic analysis
In this section we state a family of three-dimensional fiber systems corresponding to
the slenderness parameter , cf. Eq. (2.19). We use a regular asymptotic expansion
for the free boundary value problem. In particular, we generalize the asymptotic
method of [11] to derive the one-dimensional model for the curved fiber. Its closure
is thereby deduced from the integrated Eqs. (2.81) and (2.82).
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2.6.1 Family of problems
To carry out the asymptotic analysis of the given fiber problem we first embed our
problem with fixed slenderness parameter  = 0 in a family of self-similar problems
corresponding to parameters  < 0, see Fig. 2.6.1. For this family we choose a fixed
inflow domain in the scaled coordinates, i.e. A(0, t) = A (0, t) as well as a fixed
inflow velocity v˜in. Additionally, we assume the initial position and initial direction
of the center-line to be fixed. We rewrite here once more the full set of equations
with the index  for all variables depending on the slenderness parameter .
Conservation of mass and momentum, x ∈ Ωˆ(t)
∂tJ(x, t) +∇ · (Jvˆ)(x, t) = 0 (2.83)
∂t(Jv˜)(x, t) +∇ · (Jvˆ ⊗ v˜)(x, t) = ∇ · SˆT (x, t) + fˆ(x, t) (2.84)
Coupling condition
vˆ(x, t) = ((v˜ − q˜) ·G)(x, t) (2.85)
Constitutive law
Sˆ = −p˜
[
(1− h)(ηα, ⊗ eα) + 2(τ  ⊗ e3)
]
(2.86)
+
1
Re
[(1− h) (∂α(vˆ · eβ) + ∂β(vˆ · eα)) (ηα, ⊗ eβ)
+ ((1− h)∂α(vˆ · e3) + 
3
(1− h)∂s(vˆ · eα))(ηα, ⊗ e3)
+
(
2∂s(vˆ · eα) + (1− h)2∂α(vˆ · e3)
)
(τ  ⊗ eα)
+ (2 2∂s(vˆ · e3)− 2 
3
(1− h) (∂th + (vˆ · eα)∂αh + (vˆ · e3)∂sh))(τ  ⊗ e3)]
Kinematic and dynamic boundary conditions (lateral surface), x ∈ Γˆlat,(t)
(vˆ · nˆ)(x, t) = wˆ(x, t) (2.87)
(Sˆ · nˆ)(x, t) = 0 (2.88)
Kinematic and dynamic boundary conditions (bottom surf.), x ∈ A(L(t), t)×{L(t)}
dL(t)
dt
= (vˆ · e3)(x, t) with L(0) = 0 (2.89)
(Sˆ · e3)(x, t) = 0 (2.90)
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Inflow boundary condition, x ∈ A (0, t)× {0}
v˜(x, t) = v˜in(x) (2.91)
Arc-length parameterization
‖ ∂sγ ‖= 1 (2.92)
Initial position and direction
γ(0, t) = γ0 and ∂sγ(0, t) = τ 0 (2.93)
Center-line condition ∫
A(s,t)
x1dx1dx2 =
∫
A(s,t)
x2dx1dx2 = 0. (2.94)
2.6.2 Asymptotic expansions
The unknowns in the family of problems of Eqs. (2.83)-(2.94) are the quantities
associated with the geometry and the field variables that have to be expanded. In
general, the asymptotic expansion of the equations of the free boundary value problem
is a difficult task in the sense that the domain (geometry) itself depends on the small
parameter . However, we overcome this problem in the following way. We extend all
field quantities on the domain ∪<0Ωˆ and assume that their restrictions on Ωˆ are
solutions of the respective -problem.
By Remark 2.7, we are able to describe the fiber domain by three quantities: the
fiber length L, the center-line curve γ and the radius function R. We assume that
these three quantities have regular power series expansions in , i.e.
L(t) = L
(0)(t) +  L(1)(t) + 0 (2)
γ(s, t) = γ
(0)(s, t) +  γ(1)(s, t) + 0 (2)
R(ψ, s, t) = R
(0)(ψ, s, t) +  R(1)(ψ, s, t) + 0 (2)
for s ∈ [0,max<0 L(t)), and ψ ∈ [0, 2pi).
Based on the assumption of the regular expansions for L, γ and R, the parameter-
ized free surface ξ and the quantities associated with γ, i.e. τ ,ηα,, h, J and q˜,
can be also expanded in regular power.
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 = 1 < 0
 → 0
 = 0
A0(0, t)× {0}
γ
(0)
... ...
A0(L
(0)(t), t)× {L(0)(t)}
Ωˆ0
Γˆlat,0
Figure 2.3: Sketch of the family of problems. Left: Real thinning procedure for → 0,
Right: Scaled problems.
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To complete the asymptotics, we expand also the field variables v˜ and p˜ – to be
more precise their extended versions – as regular power series in , i.e.
v˜(x, t) = v˜
(0)(x, t) +  v˜(1)(x, t) + 0 (2)
p˜(x, t) = p˜
(0)(x, t) +  p˜(1)(x, t) + 0 (2)
for x ∈ ∪<0Ωˆ(t).
The regularity assumptions for v˜ and q˜ and Eq. (2.85) lead to a regular expansion
for vˆ. But in this case, it must start from the 
−1 term, since the lowest order term
of G is of order 
−1, i.e.
vˆ(x, t) = 
−1 vˆ(−1)(x, t) + vˆ(0)(x, t) +  vˆ(1)(x, t) + 0 (2)
for x ∈ ∪<0Ωˆ(t). Because of G we have,
vˆ
(−1)
3 = (vˆ
(−1) · e3) = 0. (2.95)
Furthermore, also the other components vˆ
(−1)
1 and vˆ
(−1)
2 will vanish as we will see
later.
Before analyzing the family of problems asymptotically, we first consider the asymp-
totic expansions of the boundary conditions. By using the relations given in Eq. (2.55)
for the normal vector and surface speed, the expansions of Eqs. (2.87) and (2.88) are
as follows,
0 = (vˆ(−1)(ξ(0), t) +  (vˆ(0)(ξ(0), t) + ξ(1) · ∇vˆ(−1)(ξ(0), t)− ∂tξ(0))) · (∂ψξ(0) × ∂sξ(0))
+  vˆ(−1)(ξ(0), t) · (∂ψξ(0) × ∂sξ(1) + ∂ψξ(1) × ∂sξ(0)) + 0 (2)
(2.96)
and
0 = (Sˆ(0)(ξ(0), t) + (Sˆ(1)(ξ(0), t) + ξ(1) · ∇Sˆ(0)(ξ(0), t))) · (∂ψξ(0) × ∂sξ(0))
+  Sˆ(0)(ξ(0), t) · (∂ψξ(0) × ∂sξ(1) + ∂ψξ(1) × ∂sξ(0)) + 0 (2)
(2.97)
for ψ ∈ [0, 2pi) and s ∈ [0, L(0)(t)).
Remark 2.9 It makes no sense to look for the asymptotic expansion of the sets
Ωˆ(t), Γˆlat,(t) and A (s, t). However, the limit  → 0 exists. In the limit case we
denote the fiber domain by Ωˆ0(t), the lateral surface by Γˆlat,0(t) and cross-sections by
A0(s, t). The corresponding normal vector and the surface speed are given by
nˆ0(ξ
(0), t) =
∂ψξ
(0) × ∂sξ(0)
‖ ∂ψξ(0) × ∂sξ(0) ‖
and wˆ0(ξ
(0), t) = ξ(0) · nˆ0(ξ(0), t).
Assumption 2.3 We assume now that the fields being defined on ∪<0Ωˆ fulfill the
conservation laws on Ωˆ0 with the prescribed constitutive relation.
In the following we work out the expansion of the fields in Ωˆ0 always.
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2.6.3 Lateral problem
For the asymptotic analysis of the full set of Eqs. (2.83)- (2.94) we first consider
the so-called lateral problem Eqs. (2.83)-(2.88) and (2.94). We will focus on this
problem in the 0th and 1st-order and its closure condition. This work will result in
the conservation law of the 1D model. The derivation of the appropriate constraints
as well as boundary and initial conditions is done in a second step based on the
remaining equations of the family problem.
2.6.3.1 0th-order
We calculate the 0th-order stress tensor using Eq. (2.86)
Sˆ(0) =
1
Re
[(∂αvˆ
(−1)
β + ∂β vˆ
(−1)
α )(η
(0)
α ⊗ eβ) + (∂αvˆ(0)3 )(τ (0) ⊗ eα)] (2.98)
Using this result of Eq. (2.98) and skipping for the moment the conservation of mass
in Eq. (2.83), we obtain from Eqs. (2.84),(2.85),(2.87),(2.88) and (2.94) the leading
order equations of the lateral problem.
Momentum equation, x ∈ Ωˆ0(t)(
∂αβ vˆ
(−1)
β + ∂ββ vˆ
(−1)
α
)
η(0)α + (∂ααvˆ
(0)
3 )τ
(0) = 0 (2.99)
Coupling condition
v˜(0) = vˆ(−1)α η
(0)
α + vˆ
(0)
3 τ
(0) + ∂tγ
(0) (2.100)
Kinematic and dynamic boundary conditions, x ∈ Γˆlat,0(t)
vˆ(−1)α nˆ0,α = 0 (2.101)
(∂αvˆ
(−1)
β + ∂β vˆ
(−1)
α )nˆ0,β η
(0)
α + ∂αvˆ
(0)
3 nˆ0,α τ
(0) = 0 (2.102)
Center-line condition ∫
A0(s,t)
x1dx1dx2 =
∫
A0(s,t)
x2dx1dx2 = 0 (2.103)
Proposition 2.1 Any solution of the 0th-order lateral problem Eqs. (2.99)- (2.103)
satisfies:
vˆ
(−1)
1 = vˆ
(−1)
2 ≡ 0 (2.104)
vˆ
(0)
3 = vˆ
(0)
3 (s, t). (2.105)
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Proof: After multiplying Eqs. (2.99) and (2.102) with τ (0), we have the following
problem for vˆ
(0)
3 , i.e.
∂11vˆ
(0)
3 + ∂22vˆ
(0)
3 = 0
for x ∈ Ωˆ0(t) and
∂1vˆ
(0)
3 nˆ0,1 + ∂2vˆ
(0)
3 nˆ0,2 = 0
for x ∈ Γˆlat,0(t).
This problem is solved by a constant vˆ
(0)
3 for each cross-section. Altogether vˆ
(0)
3
spatially depends only on s, i.e.
vˆ
(0)
3 = vˆ
(0)
3 (s, t).
This yields Eq. (2.105).
Again, by multiplying Eqs. (2.99) and (2.102) with η
(0)
1,2, we obtain
2∂11vˆ
(−1)
1 + ∂2(∂1vˆ
(−1)
2 + ∂2vˆ
(−1)
1 ) = 0
∂1(∂1vˆ
(−1)
2 + ∂2vˆ
(−1)
1 ) + 2∂22vˆ
(−1)
2 = 0 (2.106)
for x ∈ Ωˆ0(t) and
2∂1vˆ
(−1)
1 nˆ0,1 + (∂1vˆ
(−1)
2 + ∂2vˆ
(−1)
1 )nˆ0,2 = 0
(∂1vˆ
(−1)
2 + ∂2vˆ
(−1)
1 )nˆ0,1 + 2∂2vˆ
(−1)
2 nˆ0,2 = 0 (2.107)
for x ∈ Γˆlat,0(t).
Equations (2.106) and (2.107) describe a two-dimensional zero-boundary stress Stokes
flow problem. The solution of this problem is given by
vˆ
(−1)
1 = −c(s, t)x2 + d1(s, t)
vˆ
(−1)
2 = c(s, t)x1 + d2(s, t),
(2.108)
where c(s, t), d1(s, t) and d2(s, t) are arbitrary constants. To find these constants, we
proceed as follows.
By integrating the kinematic condition Eq. (2.101) over the boundary of the cross-
section ∂A0, it follows that∫
∂A0(s,t)
(vˆ
(−1)
1 nˆ0,1 + vˆ
(−1)
2 nˆ0,2)
x1√
(nˆ0,1)2 + (nˆ0,2)2
dl = 0. (2.109)
Applying the divergence theorem and using Eq. (2.108), we get∫
A0(s,t)
(vˆ
(−1)
1 )dx1dx2 = 0. (2.110)
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By using again Eq. (2.108) and the center-line condition Eq. (2.103), we obtain d1 =
0. Similarly, one can show that d2 = 0.
Again, the kinematic condition at this leading order Eq. (2.101) produces two possibil-
ities: either the constant c is zero or the free surface is a circular cross-section profile.
However, any slight perturbations at the nozzle will destroy the circular cross-section
profile of the surface. This leads to the conclusion that c has to be zero. 2
Corollary 2.2 As a direct consequence of the Proposition 2.1 we can state for the
0th-order lateral problem
v˜(0) = vˆ
(0)
3 τ
(0) + ∂tγ
(0). (2.111)
Sˆ0) = 0. (2.112)
Equation (2.111) especially means that v˜(0) = v˜(0)(s, t) as well as vˆ
(0)
3 = vˆ
(0)
3 (s, t) are
constant in the cross-sections. Up to now, we did not consider the conservation of
mass in the 0th-order. This reads ∂αvˆ
(−1)
α = 0 and is automatically fulfilled.
2.6.3.2 1st-order
Applying the results of the 0th-order analysis, the 1st-order stress tensor is given by
Sˆ(1) = −p˜(0)(η(0)α ⊗ eα) +
1
Re
[(∂αvˆ
(0)
β + ∂β vˆ
(0)
α )(η
(0)
α ⊗ eβ) + ∂αvˆ(1)3 (τ (0)⊗ eα)]. (2.113)
Using this and the results of 0th-order we consider Eqs. (2.83),(2.84),(2.87) and (2.88)
in the lst-order. We skip Eq. (2.85) because Eq. (2.111) is already the final result
with respect to the coupling of velocities. For technical reasons we again have to take
into account the center-line condition for  → 0. In this sense the first order lateral
problem reads on Ωˆ0
Conservation of mass and momentum, x ∈ Ωˆ0(t)
∂αvˆ
(0)
α + ∂svˆ
(0)
3 = 0 (2.114)(
∂αβ vˆ
(0)
β + ∂ββ vˆ
(0)
α − Re ∂αp˜(0)
)
η(0)α + ∂ααvˆ
(1)
3 τ
(0) = 0 (2.115)
Kinematic and dynamic boundary conditions, x ∈ Γˆlat,0(t)
vˆ(0) · nˆ0 = wˆ0 (2.116)(
(∂αvˆ
(0)
β + ∂β vˆ
(0)
α )nˆ0,β − Re p˜(0)nˆ0,α
)
η(0)α + ∂αvˆ
(1)
3 nˆ0,α τ
(0) = 0 (2.117)
Center-line condition ∫
A0(s,t)
x1dx1dx2 =
∫
A0(s,t)
x2dx1dx2 = 0. (2.118)
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Proposition 2.2 Any solution of the 1st-order problem Eqs. (2.114)-(2.118) satisfies
vˆ
(0)
1 =
Re
2
p˜(0)x1 − a(s, t)x2 (2.119)
vˆ
(0)
2 =
Re
2
p˜(0)x2 + a(s, t)x1
p˜(0) = − 1
Re
∂svˆ
(0)
3 (s, t)
vˆ
(1)
3 = vˆ
(1)
3 (s, t).
The strategy to prove this proposition is similar to the 0th-order problem. Thus, we
omit the proof.
Corollary 2.3 As a direct consequence of the Proposition 2.2 we can state for the
stress in 1st-order
Sˆ(1) = 0. (2.120)
2.6.3.3 Closure
Now we consider the integrated conservation laws of Eqs. (2.81) and (2.82). In the
integrated form of the momentum Eq. (2.82) we do not need to examine all the second
order terms from the stress tensor. Instead, we only need to know the stress tensor
in the axial direction, i.e Sˆ(2) · e3. By applying the results of the 0th and 1st-order
analysis, the 2nd-order stress tensor in the axial direction reads
Sˆ(2) · e3 = 3
Re
∂3vˆ
(0)
3 τ
(0). (2.121)
Using Eq. (2.121) and the results of the 0th and 1st-order, the integrated equations
(2.81) and (2.82) lead in their lowest non-trivial order directly to the main result of
this section:
∂t | A0 | +∂s(vˆ(0)3 | A0 |) = 0 (2.122)
∂t(v˜
(0) | A0 |) + ∂s(vˆ(0)3 v˜(0) | A0 |) =
3
Re
∂s(∂svˆ
(0)
3 τ
(0) | A0 |) + f˜ (0) | A0 | . (2.123)
2.6.4 Constraints, initial and boundary conditions
The main results for the lateral problem Eqs. (2.122) and (2.123) together with the
coupling Eq. (2.111) are already a reasonable set of PDEs. But we still need the con-
straint with respect to the parameterization of γ(0) as well as appropriate initial and
boundary conditions. To derive these conditions we have to consider the remaining
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equations of the full problem, i.e. Eqs. (2.89)-(2.93) in the lowest non-trivial order
together with the coupling condition Eq. (2.85). To do so, we use the results of the
lateral problem, especially the vanishing stress in 0th and 1st-order. This leads to:
Coupling condition
v˜(0)(s, t) = vˆ
(0)
3 (s, t)τ
(0)(s, t) + ∂tγ
(0)(s, t) (2.124)
Kinematic and dynamic boundary condition (bottom)
dL(0)(t)
dt
= vˆ
(0)
3 (L
(0)(t), t) with L(0)(0) = 0 (2.125)
∂svˆ
(0)
3 (L(t), t) = 0 (2.126)
Inflow boundary condition
v˜(0)(0, t) = v˜in(x) (2.127)
Arc-length parameterization
‖ ∂sγ(0) ‖= 1 (2.128)
Initial position and direction
γ(0)(0, t) = γ0 and ∂sγ
(0)(0, t) = τ 0 (2.129)
Proposition 2.3 As a consequence of the Eqs. (2.124), (2.127) and (2.129), we have
vˆ
(0)
3 (0, t) = 1. (2.130)
Proof. With Eqs. (2.124) and (2.129), the inflow velocity can be written as
v˜in = vˆ
(0)
3 (0, t)τ 0. (2.131)
Now, Eq. (2.130) follows from Eq. (2.56). 2
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2.7 Final asymptotic results
Finally, we summarize the asymptotic results. In order to do this, we define u = vˆ
(0)
3
and A =| A0 |. Moreover, we drop the suffices at the leading order variables. As
a consequence of Eqs. (2.122), (2.123), (2.111), (2.128) and (2.125) we get the final
asymptotic model for our fiber problem.
Conservation of mass and momentum, s ∈ [0, L(t))
∂tA + ∂s(uA) = 0 (2.132)
∂t(Av˜) + ∂s (uAv˜) =
3
Re
∂s (A∂su∂sγ) + Af˜ (2.133)
Coupling condition
v˜ = u ∂sγ + ∂tγ (2.134)
Arc-length parameterization
‖ ∂sγ ‖= 1 (2.135)
Evolution of fiber length
dL(t)
dt
= u(L(t), t) with L(0) = 0 (2.136)
Boundary conditions at the nozzle
A(0, t) = 1 and u(0, t) = 1 (2.137)
γ(0, t) = γ0 and ∂sγ(0, t) = τ 0 (2.138)
Boundary condition at the end of the fiber
∂su(L(t), t) = 0 (2.139)
The one-dimensional fiber model of Eqs. (2.132)-(2.136) determines the evolution of
cross-sectional area A(s, t), the intrinsic velocity u(s, t), the fiber center-line γ(s, t),
the velocity v˜(s, t) describing the relation between the fluid and the center-line ve-
locity and the fiber length L(t). The boundary conditions Eq. (2.137) are deduced
from Eq. (2.56) and Proposition 2.3. The fiber position and direction at the nozzle
Eq. (2.138) are due to Eq. (2.129). The boundary condition at the end of the fiber
Eq. (2.139) is derived from Eq. (2.126).
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Remark 2.10 Our asymptotic result for a Newtonian fluid is consistent with the
experimental measurements by Trouton [32] by retaining the factor 3 in Eq. (2.133).
In the dimensional form of Eq. (2.133), we retain the factor 3µ which is the so-called
Trouton viscosity.
Remark 2.11 In the given application problem we have introduced f ∗ as body forces
that contain gravitational and rotational forces. Thus, we define the dimensional
f∗ = ρ
(
g eg − 2ω (eω × v∗)− ω2 (eω × (eω × r∗))
)
(2.140)
as sum of the gravity, coriolis and centrifugal forces. Here, ω = ω eω denotes the
angular velocity of the rotating device and g = g eg is the acceleration of gravity.
Then, in the asymptotic outcome we have
f˜ =
1
Fr2
eg − 2
Rb
(eω × v˜)− 1
Rb2
(eω × (eω × γ)),
where the typical numbers are
• the dimensionless Froude number Fr = V/√gL0 that characterizes the relation
between inertial and gravity forces.
• the dimensionless Rossby number Rb = V/L0ω that characterizes the relation
between inertial and rotational forces.
2.7.1 Asymptotic model equations in dimensional form
In order to define the asymptotic model equations in the dimensional form, we use
the non-dimensional procedure given in the Section 2.3 and introduce additionally
A∗ =| Γin | A, γ∗ = L0γ, s∗ = L0s as well as γ∗0 = L0γ0. This yields
Conservation of mass and momentum, s∗ ∈ [0, L∗(t∗))
∂t∗A
∗ + ∂s∗(u
∗A∗) = 0 (2.141)
ρ (∂t∗(A
∗v˜∗) + ∂s∗(u
∗A∗v˜∗)) = 3µ ∂s∗(A
∗∂s∗u
∗∂s∗γ
∗) + A∗f˜∗ (2.142)
Coupling condition
v˜∗ = u∗∂s∗γ
∗ + ∂t∗γ
∗ (2.143)
Arc-length parameterization
‖∂s∗γ∗‖ = 1 (2.144)
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Evolution of fiber length
dL∗(t∗)
dt∗
= u∗(L∗(t∗), t∗) with L∗(0) = 0 (2.145)
Boundary conditions at the nozzle
A∗(0, t∗) =| Γin | and u∗(0, t∗) = V (2.146)
γ∗(0, t∗) = γ∗0 and ∂s∗γ
∗(0, t∗) = τ 0 (2.147)
Boundary condition at the end of the fiber
∂s∗u
∗(L∗(t∗), t∗) = 0 (2.148)
According to Eq. (2.140), the body forces f˜∗ in the dimensional form are given by
f˜∗ = ρ
(
g eg − 2ω (eω × v˜∗)− ω2 (eω × (eω × γ∗))
)
(2.149)
Thus, beginning with the full three-dimensional Newtonian viscous free surface bound-
ary value problem, we have derived a one-dimensional model for a slender, Newtonian
viscous fiber emerging from the rotating device by the help of slenderness asymptotics.
This one-dimensional fiber model is a closed set of nine equations Eqs. (2.141)-(2.145)
for the nine variables, i.e. A∗, u∗, v˜∗,γ∗ and L∗. The physical effects of inertia, vis-
cosity, gravity and rotation are represented in the fiber model. In the subsequent
chapters, we will examine the consequences of the specific one-dimensional model for
stationary and time-dependent situations.
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Chapter 3
Numerical Simulation of the
Unsteady Fiber Model
In the previous chapter a one-dimensional model has been derived from the three-
dimensional theory with the help of asymptotic method. The present chapter proposes
a numerical scheme for the handling of this one-dimensional unsteady fiber model.
It should be mentioned here that the relevant field variables of the one-dimensional
asymptotic model depend on time and one space coordinate. Nevertheless, the fiber
center-line is a curve in the three-dimensional space. In this chapter, we also look
for reduced models, where the center-line is embedded in a two- and one-dimensional
space. In this sense we speak about one-, two-, and three-dimensional problem with
respect to the center-line of the fiber.
The outline of this chapter is as follows. In the first section we briefly recall the equa-
tions of the non-dimensional asymptotic model, that are subject of the analysis. A
numerical method for the straight fiber model, which is a special case when the fiber
falls only under the gravitational force, is proposed in Section 3.2. An application
of the resulting method is then presented. In Section 3.3, the developed numerical
scheme is extended to the simulation of fiber dynamics under the influence of rota-
tional forces. Simulation results showing the influence of gravity and rotational forces
are presented in Section 3.4. Finally, a summary of the results is given in Section 3.5.
3.1 Asymptotic fiber model
The asymptotic fiber model leads to the following system of partial differential equa-
tions that describes conservation of mass and momentum
∂tA(s, t) + ∂s(uA)(s, t) = 0 (3.1)
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∂t(Av˜)(s, t) + ∂s (uAv˜) (s, t) =
3
Re
∂s (A∂su∂sγ) (s, t) + (f˜A)(s, t) (3.2)
with the coupling condition
v˜(s, t) = u(s, t) ∂sγ(s, t) + ∂tγ(s, t) (3.3)
and the arc-length constraint
‖ ∂sγ(s, t) ‖= 1. (3.4)
Here s ∈ [0, L(t)) denotes the arc-length parameter and t ∈   + is the time variable.
The boundary conditions at the nozzle (s = 0) are
A(0, t) = A0, u(0, t) = u0 (3.5)
γ(0, t) = γ0, ∂sγ(0, t) = τ 0
and the end of the fiber (s = L(t)) is prescribed to be stress-free, i.e.
∂su(L(t), t) = 0. (3.6)
Additionally, we have the evolution of the fiber length given by
dL(t)
dt
= u(L(t), t) and L(0) = 0. (3.7)
The non-dimensional body forces are
f˜(s, t) =
1
Fr2
eg − 2
Rb
(eω × v˜)− 1
Rb2
(eω × (eω × γ)). (3.8)
The symbols A(s, t), u(s, t) and γ(s, t) denote the cross-sectional area of the fiber, the
fluid velocity and the center-line of the fiber in the position s at time t, respectively.
Here f˜(s, t) represents the body forces which include the force of gravity and the
rotational forces in the position s at time t. The velocity v˜ describes the relation
between the fluid u and the center-line velocity ∂tγ. The symbol L(t) stands for the
fiber length at time t.
Here, two new symbols A0 and u0 have been introduced in Eq. (3.5) for later conve-
nience. Throughout this chapter they are simply equal to A0 = 1 and u0 = 1.
For our computational purpose we set the configuration shown in Fig. 3.1 for the
rotating device. We consider that the device rotates in the anticlockwise direction
along the vector e2 and the force of gravitation acts in the downward direction. In this
case the vectors eg and eω of Eq. (3.8) are equal to eg = (0,−1, 0) and eω = (0, 1, 0).
By considering the characteristic length to be the radius of the rotating device and
fixing origin at the center of the device, the non-dimensional fiber position at the
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Figure 3.1: Schematic diagram of the device showing the directions of rotation and
gravity.
nozzle γ0 = (1, 0, 0). For the tangent vector of the center-line at the nozzle we set
τ 0 = (1, 0, 0).
The dimensionless parameters in these equations are the Reynolds number Re, the
Froude number Fr and the Rossby number Rb, which respectively parameterize vis-
cous, gravity and rotational forces with respect to inertia. The choice of scales and
definitions of all non-dimensional parameters is given in Chapter 2. The task is now
to solve Eqs. (3.1)-(3.4) with the boundary and initial conditions Eqs. (3.5)-(3.7).
We shall do this numerically but in the following section we first study a special case
where the fiber moves only under the influence of gravitational force. The influence
of rotational forces is discussed in Section 3.3.
3.2 Straight fiber (Special case)
Before solving the model Eqs. (3.1)-(3.8), we first analyze numerically a simpler case
by neglecting the rotational forces. As a consequence, eω of Eq. (3.8) is the zero
vector and the fiber will fall under the action of the gravitational force only. Hence,
f˜ =
(
1/Fr2
)
eg. Since gravity acts perpendicular to the direction of the flow (see
Fig. 3.1), the three-dimensional problem with respect to the center-line γ has now
been reduced to a two-dimensional problem. We simplify the problem even further
by assuming eg = e1 = (1, 0, 0). In this case the center-line of the fiber is straight,
i.e. ∂sγ = e1. Now, the coupling condition leads to v˜ = u e1. Thus, finally the model
is reduced to one-dimensional one with respect to the center-line γ. Notice, that this
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simplified assumptions have no influence on the type of the governing equations. The
arc-length constraint (3.4) is automatically satisfied and the coupling condition (3.3)
is no more needed.
Using the above mentioned assumptions the non-dimensional asymptotic model for
the straight fiber consists of mass and momentum equations and is given by
∂tA(s, t) + ∂s(uA)(s, t) = 0, s ∈ [0, L(t)) (3.9)
∂t(Au)(s, t) + ∂s (uAu) (s, t) =
3
Re
∂s (A∂su) (s, t) +
1
Fr2
A(s, t), s ∈ [0, L(t)) (3.10)
The boundary conditions at the nozzle are
A(0, t) = A0, u(0, t) = u0 (3.11)
and at the end of the fiber
∂su(L(t), t) = 0, (3.12)
with
dL(t)
dt
= u(L(t), t), L(0) = 0. (3.13)
This reduced system described by Eqs. (3.9)-(3.10) has been studied so far by many
authors. Ignoring the effect of fluid inertia and gravity, this system has been inves-
tigated in [9], with a focus on the production of fibers by a tapering process. In the
context of a thermal glass drawing process, this system including the effect of tem-
perature and surface tension has been analyzed in [18]. In this work, the unsteady
process is discussed on a fixed length of fiber by varying the inflow boundary con-
dition. Recently a similar problem in connection with the dripping of honey under
gravity has been described in [30, 31]. The Stokes and Navier-Stokes equations are
solved in this work by using a finite element method. Moreover, the slender drop
approximation in Lagrange coordinates is also used and solved numerically in [30].
The last work is very similar to our present simplified problem. However, our ap-
proach to tackle this free boundary value problem is different since we will solve the
approximated model in a Eulerian formulation by using a finite volume method on a
non-uniform grid.
Remark 3.1 In the framework of the model, the cross-sectional area is always con-
stant at the end of the fiber. This can be seen analytically as follows:
By using Eq. (3.12), the conservation of mass Eq. (3.9) at s = L(t) yields
∂tA(L(t), t) + (u∂sA)(L(t), t) = 0. (3.14)
By using Eq. (3.13), Eq. (3.14) can be re-written as follows
d
dt
A(L(t), t) = 0, (3.15)
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or, equivalently, by introducing Aend(t) := A(L(t), t)
Aend = A0 = 1, (3.16)
where A0 is the non-dimensional cross-sectional area at the nozzle s = 0.
Equation (3.15) means that the cross section at the end of the fiber is constant. This
surprising result is a consequence of the stress-free boundary condition. Therefore,
we expect that the consideration of surface tension in the model will produce more
reasonable results.
Additionally, the initialization of our problem with L(0) = 0 and A0 = 1 produces
Aend = 1. In contradiction to this results, one should expect in the real spinning
process a decreasing cross section along the fiber. Of course numerical simulations
of the model in the subsequent sections produce the result Aend = 1. Nevertheless,
we will see that for a long fibers, the cross-sectional area is decreasing up to a small
boundary layer at the end of the fiber. Moreover, by numerical tests we observe
that a change of the initialization, e.g. Aend(0) = 0, will end up in a change of this
boundary layer, but do not influences the dynamical behavior of the fiber.
Finally, we want to solve the straight fiber problem numerically. In the following, we
will define a numerical scheme for the solution of the problem. Numerical results and
convergence analysis are discussed in the subsequent subsections.
3.2.1 Numerical scheme for the straight fiber problem
Before proceeding with numerics, let us first introduce some notations. We introduce
an auxiliary variable v = Au and the following vector of the primitive variables
ψs = (A, v) .
The index ’s’ is chosen here to specify the notations of the straight fiber problem.
The index ’c’ will be used later in the curved fiber problem.
Using the above notations the system of Eqs. (3.9)-(3.10) can be expressed into the
vector form as
∂tψs + ∂sfsi(ψs)− ∂sfsv(ψs, ∂sψs) = qs(ψs), (3.17)
where fsi, fsv and qs are the inviscid and viscous flux functions and the source term,
respectively. They are given by
fsi =
(
v,
v2
A
)
, fsv =
(
0,
3
Re
A∂s
( v
A
))
and qs =
(
0,
1
Fr2
A
)
.
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The boundary conditions at the nozzle are
ψs(0, t) = (ψs)0 = (A0, A0u0) (3.18)
and at the end of the fiber
∂s
( v
A
)
(L(t), t) = 0 (3.19)
with
dL(t)
dt
=
( υ
A
)
(L(t), t), L(0) = 0. (3.20)
There is a variety of discretization techniques available for developing discrete ap-
proximations to a set of governing partial differential equations (PDEs). The finite
volume method ([25] and [34]) seems to be a logical choice in this case because it
is inherently conservative. A conservative finite volume discretization will guaran-
tee the conservation of mass. However, it will not conserve the momentum due to
the presence of dissipative as well as the outer source term. Nevertheless, the given
PDE (3.17) is discretized by the finite volume method. The fiber is divided into non-
equidistant cells (see Fig. 3.2). The inviscid flux functions are approximated by the
explicit upwind scheme. The viscous flux and the source term are approximated in an
implicit way. To describe the scheme, we need to introduce the following additional
notations.
Let the spatial grid points si, i = 0, . . . , N with s0 = 0 and si−1 < si be spaced
non-equidistantly with cell width ∆si = si − si−1 at time level tn, n = 0, 1, . . . , with
a time step ∆tn+1 = tn+1 − tn. The number of cells N grows in each time step by
one, i.e. N(n) = n. To setup discrete equations we need an approximation of ψs(s, t)
over the cell [si−1, si]. Let (ψs)
n
i be the cell average of ψs(s, t) in the cell [si−1, si] at
time tn, i.e.
(ψs)
n
i :=
1
∆si
∫ si
si−1
ψs(s, t
n)ds.
si−1 si
t
n
∆sN+1
· · · · · ·
s1
∆si
t
n+1
∆tn+1
s0
(ψ
s
)n+1
i
sN
Figure 3.2: Grid type used for the straight fiber. Black dots and dashed vertical lines
represent the nodal points and the cell faces.
For the given solutions (ψs)
n
i at time level t
n, the solutions at the next time level tn+1
are obtained by integrating Eq. (3.17) over the space and time interval [si−1, si] ×
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[tn, tn+1]. This yields the discrete equations. For the nodes, i = 1, . . . , N , we have
[
(ψs)
n+1
i − (ψs)ni
]
∆si +
[
(fsi)
n
i − (fsi)ni−1
]
∆tn+1 − (3.21)[
(fsv)
n+1
i − (fsv)n+1i−1
]
∆tn+1 = ∆si∆t
n+1 (qs)
n+1
i .
The discrete flux functions and the source term appearing in Eq. (3.21) are given
below.
An upwind approximation of inviscid flux fsi gives
(fsi)
n
i :=
1
∆tn+1
∫ tn+1
tn
fsi(ψs)(si, t)dt (3.22)
' fsi(ψs)(si−1/2, tn) =
(
vni ,
(vni )
2
Ani
)
.
The implicit approximation of viscous flux function fsv yields,
(fsv)
n+1
i :=
1
∆tn+1
∫ tn+1
tn
fsv (ψs, ∂sψs) (si, t)dt (3.23)
' fsv (ψs, ∂sψs) (si, tn+1) =
(
0,
3
Re
A∂s
( v
A
))
(si, t
n+1)
with
A(si, t
n+1) =
1
∆si + ∆si+1
(
∆si+1A
n+1
i + ∆siA
n+1
i+1
)
(3.24)
and
∂s
( v
A
)
(si, t
n+1) =
(
v
A
)n+1
i+1
− ( v
A
)n+1
i
∆si+1
2
+ ∆si
2
.
Since the cell lengths are non-uniform, the values of A at the cell faces Eq. (3.24) are
derived by weighted average of the two neighboring cell lengths. Furthermore, the
first node i = 1, is a boundary node and therefore the approximation of viscous flux
at s0 needs special attention. By using Eq. (3.18), the approximate value of fsv at s0
can be given by
(fsv)
n+1
0 = fsv(ψs, ∂sψs)(s0, t
n+1) =
(
0,
3
Re
A∂s
( v
A
))
(s0, t
n+1)
with
A(s0, t
n+1) = A0,
and
∂s
( v
A
)
(s0, t
n+1) =
(
v
A
)n+1
1
− ( v
A
)n+1
0
∆s1
2
.
48 3. NUMERICAL SIMULATION OF THE UNSTEADY FIBER MODEL
The outer force term qs is approximated as follows:
(qs)
n+1
i :=
1
∆si
1
∆tn+1
∫ tn+1
tn
∫ si
si−1
qs(si, t)dsdt (3.25)
' qs(si−1/2, tn+1) =
(
0,
1
Fr2
An+1i
)
.
The resulting discretized Eq. (3.21) is given for the nodes i = 1, . . . , N . Since at
time tn+1 the fiber changes its length by ∆sN+1 = L(t
n+1)− sN , Eq. (3.17) has to be
approximated at the node N + 1 in a special way.
The last node N + 1 is a boundary node, therefore we use Eqs. (3.19)-(3.20) for the
approximation of Eq. (3.17). Further, we note that there are no outgoing fluxes at
the last node. Thus at the last node N + 1, we have
(ψs)
n+1
N+1 ∆sN+1 − (fsi)nN ∆tn+1 + (fsv)n+1N ∆tn+1 = ∆sN+1∆tn+1 (qs)n+1N+1 , (3.26)
where the approximation of the flux functions fsi, fsv and the outer force qs are already
given in Eqs. (3.22), (3.23) and (3.25).
Looking at the grid of Fig. 3.2, the reader may ask why the outer force term qs
in the last node for Eq. (3.26) has not been approximated by the correct cell area
(1/2)∆sN+1∆t
n+1. An attempt to answer this question is made later (see Remark 3.2).
Thus, the discretized Eqs. (3.21) and (3.26) are 2N + 2 equations for the 2N + 3
unknowns (ψs)
n+1
1 , . . . , (ψs)
n+1
N+1 and the length ∆sN+1 of the new cell. In order to
close the discrete system we need one more equation which we derive in the following.
Here, we use the discrete mass equation, in particular the first component of the
vector Eq. (3.26)
An+1N+1∆sN+1 − vnN∆tn+1 = 0 (3.27)
for the approximation of the length ∆sN+1. Thus, we still need an additional equation
for the cross-sectional area An+1N+1 at the last node N+1. This can be done by linearly
interpolating An+1N and Aend
(∆sN + 2∆sN+1)A
n+1
N+1 −
(
∆sN+1A
n+1
N + (∆sN + ∆sN+1)Aend
)
= 0, (3.28)
where Aend = 1 is the cross-sectional area at the end of the fiber.
Now, the discretized algebraic Eqs. (3.21), (3.26) and (3.28) are closed with 2N + 3
equations for the 2N + 3 unknowns, i.e. (ψs)
n+1
1 , . . ., (ψs)
n+1
N+1 and the cell length
∆sN+1. The procedure to solve these equations is explained in Algorithm 3.1.
The motivation for this form of approximation of length ∆sN+1 by Eq. (3.27) and the
cross-sectional area at the last node An+1N+1 by Eq. (3.28) is explained in Remark 3.3.
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Remark 3.2 We answer here the question of why the outer force term qs in the
last node Eq. (3.26) has not been approximated by the correct cell area, i.e. (1/2)
∆sN+1∆t
n+1. We take into account the discretized mass and momentum Eq. (3.26)
in the inviscid limit with (1/2)∆sN+1∆t
n+1 as an approximation for the outer source
term. After some simple algebraic transformations we have the following expression:
un+1N+1 − unN
∆tn+1
=
1
2Fr2
. (3.29)
From Eq. (3.29), we see that the acceleration of the particle in the last node is
(1/2Fr2). But, the particle in the last node should move with the uniform acceleration
1/Fr2. Therefore, we chose the cell area ∆sN+1∆t
n+1.
Remark 3.3 Although Eq. (3.26) has been derived through simplification by using
Eq. (3.20) the number of unknowns is not reduced. With ongoing time, the length of
the fiber increases by one cell length. In every new time step, the length of this new
cell is always one of the unknowns of the system. In the model, this information is
described by Eq. (3.20). Therefore, it seems to be natural to construct a discretize
equation for the length ∆sN+1 from Eq. (3.20) by using Eq. (3.19).
This can be done either implicitly or explicitly. The implicit approximation yields
∆sN+1 = ∆t
n+1
( v
A
)n+1
N+1
. (3.30)
By plugging Eq. (3.30) into Eq. (3.26), one can see that in the inviscid limit (Re →∞)
leads after some algebraic manipulation to
(Au)n+1N+1 = (Au)
n
N , and u
n+1
N+1 = u
n
N +
1
Fr2
∆tn+1.
This means the mass flux between the cells N and N+1 is constant, while the velocity
is increasing. Thus A is decreasing between these cells. This is unreasonable, because
the cross section has to grow up to Aend = 1. Therefore we do not follow this way.
By approximating Eq. (3.20) explicitly, we have
∆sN+1 = ∆t
n+1
( v
A
)n
N
. (3.31)
By plugging Eq. (3.31) into the first component of the vector Eq. (3.26), one can see
that
An+1N+1 = A
n
N . (3.32)
As a consequence of our initialization this leads to the mean value An+1N+1 = 1 for the
cross-sectional area in the last cell. This approximation is reasonable, but it slightly
over-estimates the cross-sectional area in the last node, since we expect An+1N+1 <
Aend = 1.
50 3. NUMERICAL SIMULATION OF THE UNSTEADY FIBER MODEL
To overcome this problem we have computed the length of the new cell by the dis-
cretize mass equation (first component of Eq. (3.26)) and An+1N+1 by the linear inter-
polation formula Eq. (3.28), that is more precise than Eq. (3.32).
Remark 3.4 The discrete method conserves mass.
The total mass of the fiber in the given length from 0 to L(t) at time t in the non-
dimensional form is given by
M(t) =
∫ L(t)
0
A(s, t)ds.
The rate of change of mass in [0, L(t)] in time gives
∂tM(t) =
∂
∂t
∫ L(t)
0
A(s, t)ds (3.33)
=
∫ L(t)
0
(−∂s(Au)) ds+ (Au)(L(t), t) (using Eqs. (3.9) and (3.13))
= (Au)(0, t)
In the following we will show that the discretized Eqs. (3.21) and (3.26) preserve the
mass.
Let Mn =
N∑
i=1
Ani ∆si and M
n+1 =
N+1∑
i=1
An+1i ∆si be the total mass at time t
n and tn+1,
respectively. Then the rate of change of mass in time is,
Mn+1 −Mn
∆t
=
An+1N+1∆sN+1
∆tn+1
+
N∑
i=1
An+1i − Ani
∆tn+1
∆si
= vnN −
N∑
i=1
(
vni − vni−1
)
(by the first component of Eqs. (3.21) and (3.26))
= vnN − vnN + vn0 = vn0 = (Au)n+10
which is a discrete analogue of Eq. (3.33).
Algorithm 3.1 The discretized algebraic Eqs. (3.21), (3.26) and (3.28) are closed
with 2N+3 equations for the 2N+3 unknowns, i.e. (ψs)
n+1
1 , . . ., (ψs)
n+1
N+1 and the cell
length ∆sN+1. The discretized mass equation, i.e. the first component of the vector
Eq. (3.21) is an explicit one, but at the last two nodes, all equations are coupled
implicitly with the cell length ∆sN+1. However, for the better performance of the
solver, we treat Eq. (3.28) explicitly, and solve Eqs. (3.21) and (3.26) simultaneously.
Thus, we first solve Eqs. (3.21) and (3.26) implicitly by using the MATLAB-6.5 fsolve
routine. This routine uses a non-linear least-squares algorithm to solve a system of
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non-linear equations. After obtaining solution from Eqs. (3.21) and (3.26), we solve
Eq. (3.28) explicitly. Due to explicit discretization of the mass equation, a CFL
(Courant-Friedrichs-Levy) condition (see e.g., [25]) is imposed on the size of the time
step. Since the size of the cell lengths is not uniform we choose the time step ∆tn+1
as the minimum of the ratios between grid length and velocity, i.e.
∆tn+1 = min
{
∆si
uni
}
for i = 1, · · · , N. (3.34)
Thus the algorithm is the following:
Initialize time step
Solve Eqs. (3.26) and (3.28) to get the first cell length, and cross-sectional area
and velocity at the first node.
Update time step by the CFL condition (3.34)
repeat
Solve Eqs. (3.21) (for the interior nodes) and (3.26) and (3.28) (for the boundary
node and the new cell length)
Update time step
until the desired fiber length is reached
3.2.2 Simulation results and discussion
In this section some simulation results of the cross-sectional area, velocity and the
tension on the fiber are presented at three different non-dimensional times t = 1.3, 2.6
and 3.9. In Figs. 3.3-3.5 the numerical results are given for the parameters Re = 2
and Fr = 1. The growth of fiber length with time is also shown in Fig. 3.6. To run
the simulation an initial non-dimensional time step ∆t = 0.01 is used.
• Cross-sectional area: In Fig. 3.3 the cross-sectional area is plotted against the
arc-length at three different times. From this result we see that cross-sectional
areas at the nozzle and at the end of the fiber are the same due to stress-
free boundary condition (see Remark. 3.1). The cross-sectional area decreases
slowly for the initial time periods, but the rate of the decrease becomes faster
for ongoing time.
• Velocity: In Fig. 3.4 we plot velocity versus arc-length at three different times.
This simulation result shows that the velocity increases both with time t and
arc-length s. Near to the end of the fiber the velocity profile appears constant
because the stress does not act at the end of the fiber.
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• Tension: The tension, that is, in the integrated form (3/Re)A∂su is visualized
against the arc-length s in Fig. 3.5. It shows that tension is approximately linear
for small fiber lengths. When the fiber grows, the tension profile is not linear
any more. However, in all cases the tension acting onto the fiber is strongest
near the nozzle and decreases with growing distance from the nozzle.
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Figure 3.3: Cross-sectional area of a growing fiber at three different times.
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Figure 3.4: Velocity of a growing fiber at three different times.
• Fiber length: Fig. 3.6 depicts how the fiber length grows with respect to time.
Initially, the fiber stretches slowly. It seems that viscous forces are dominant
in the early stage of the fiber growth and do not allow the fiber to grow more
rapidly. After this initial stage, the fiber length changes significantly.
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Figure 3.5: Tension on a growing fiber at three different times.
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Figure 3.6: Fiber length versus time.
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3.2.3 Industrial application of the straight fiber model
In industry, glass fibers are often produced by centrifugal forces. Here, the rotational
speed of the rotating device is sufficiently high but the final fibers are very small
in comparison to the radius of the rotating device. In this case the fiber seems to
be nearly straight. This process is described in more detail with a realistic set of
parameters in Chapter 5. However, at this stage it is sufficient to note that the
gravitational and coriolis force have very little effect on the production of fibers.
Hence, the fiber comes out due to the centrifugal force. Thus, instead of simulating
the straight fiber model with a gravitational force, it would be of interest to simulate
the model with a position dependent force, i.e. with a centrifugal force.
A position dependent force in dimensional form can be expressed as f ∗p (s
∗) = ω2(L0 +
s∗), where s∗, L0 and ω are the dimensional fiber arc-length, the radius and speed
of the rotating device, respectively. By following the non-dimensional procedure
as described in Section 2.3, the dimensional force f ∗p can be written as fp(s) =
(1/Rb2)(1+s), where s is the dimensionless arc-length variable and Rb is the Rossby
number. For the simulation we consider the discretized Eqs. (3.21), (3.26) and (3.28),
but we replace the Froude number Fr, which is appearing in the body force term qs
in Eqs. (3.21) and (3.26) by a position dependent force fp.
In the previous section the results on cross-section, velocity, tension and length of the
fiber for a different parameters are presented. In the following simulation results the
parameters Re = 0.025 and Rb = 0.001 are taken from the industrial application data
given in Chapter 5. Notice also that the parameters are very small and a minimum
initial time step ∆t = 0.0005 is chosen for the simulation.
The simulation results of the cross-sectional area and length of the fiber are plotted
in Figs. 3.7-3.8. One can see that the results are qualitatively identical to the results
of the previous section, but some slight differences can be observed. For example, it
can be noticed that the decrease rate of the cross-sectional area is very fast as we
we can see in Fig. 3.7. The cross-sectional area rapidly decreases at the nozzle and
then stays almost constant. The numerical scheme has also the effect of reproducing
boundary layer, which is evident in this figure. It can also be seen that the fiber now
grows very fast due to the high centrifugal force into the problem.
In the present case the Reynolds number Re = 0.025 is very small in comparison
to the simulation parameter of the previous section. Smaller values mean that the
viscous force is higher and opposes the fiber to fall quickly. Therefore, the initial
growth of the fiber is very slow as it can be clearly seen in Fig. 3.8. But after this
transient period the fiber accelerates rapidly.
The velocity profiles obtained from the simulation looks quite similar to Fig. 3.4.
Therefore, simulation result for the velocity is not presented here again. In fact,
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Figure 3.7: Cross-sectional area versus arc-length at three different times for the
parameters Re = 0.025 and Rb = 0.001.
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Figure 3.8: Fiber length versus time for the parameters Re = 0.025 and Rb = 0.001.
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velocity always increases with time. Moreover, it increases rapidly in this problem as
the cross-sectional area shown in Fig. 3.7 decreases very fast. But on the other hand,
the tension on the fiber is always higher at the nozzle and then decreases faster, and
approaches to zero. As a consequence, when the tension goes near to zero the fiber
simply fall with the outer force, and it can be visualized (Fig. 3.8).
The application of the straight fiber model to the production of glass fibers by a
centrifugal spinning process is purely based on the fact that such fibers are nearly
straight. The obtained results for the cross-sectional area and the length of the fiber
are quite reasonable and provide some insight into the real problem, however the
model cannot predict the whole fiber profile. Thus, Section 3.3 deals with curved
fibers.
Remark 3.5 The numerical results produced by the scheme are reasonable from a
physical point of view. For example, the velocity increases and the cross-sectional
area decreases with time. It is also important to see that the scheme has the effect of
reproducing boundary layer at the end of the cross-sectional area of the fiber, which is
consistent with the framework of the model. However, an important question always
arises about the specification of the initial time step. Experience shows that this time
step should be equal to the revolution period of the rotating device. This means that
the starting time should be at least one or two orders less than the Rossby number.
In particular, for gravity driven flow it should be at least one or two orders less than
the Froude number.
3.2.4 Convergence tests
The problem as formulated in Section 3.2 is suitable for solution by using the proposed
numerical scheme in Section 3.2.1. We have used this scheme to solve the equations
of the straight fiber model. To demonstrate the convergence of our numerical scheme
with respect to the decreasing initial time step, we consider the fiber length. An
analysis of convergence with increasing cell number has been performed.
Table 3.1 gives some results for fiber length L∆t at final time t = 1 for different
values of the initial time step ∆t. The used parameters are Re = 1 and Fr = 2.
The corresponding values of L∆t show convergence to first order, and this is quite
reasonable as the proposed scheme is of first order. To calculate the relative error,
i.e. ∆L∆t = (L∆t − L∆t∗)/L∆t∗, the reference solution L∆t∗ = 1.001563 is taken for
the smallest time step ∆t∗ = 0.0015625.
It is interesting to note that when we decrease the initial time step by half, the
computational time approximately doubles as we can see in the first and third columns
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Initial time step Max. cell length No. of Fiber length Relative error
∆t |∆s| time steps L∆t ∆L∆t
0.1 0.100000 12 1.100049 0.047640
0.05 0.050000 22 1.050025 0.024402
0.025 0.025000 42 1.025012 0.012351
0.0125 0.012500 82 1.012506 0.006214
0.00625 0.006250 162 1.006253 0.003117
0.003125 0.003125 322 1.003126 0.001560
* 0.0015625 0.001562 642 * 1.001563 0
Table 3.1: Fiber length at t=1.
of the Table 3.1. Since fluid velocity is always maximum at the end of the fiber, the
time step governed by the CFL condition (3.34) always depends on the last cell. This
makes the cells are almost equal in length.
To show this more clearly, the data given in Table 3.1 is plotted in Fig. 3.9. In the
left panel of Fig. 3.9 fiber length versus initial time step is given. This shows that
the fiber length is linearly increasing with the increase of initial time step. In the
right panel of the Fig. 3.9 the error is plotted versus maximum cell length. Since the
numerical scheme is linear, the relative error also increases linearly with the increase
of maximum cell length.
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Figure 3.9: Error plot, Left: Fiber length at time t = 1 versus initial time step. Right:
Relative error versus maximum cell length.
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3.3 Curved fiber (2D center-line)
In this section we will analyze the model Eqs. (3.1)-(3.8) numerically for a non-
stationary viscous fiber emerging from a rotating device. In this situation the center-
line of the fiber is curved due to rotational and gravitational forces. The fiber forma-
tion is of course supported by the aerodynamic forces which can also curve the fiber
path. However, the present discussion is restricted to rotational and gravitational
forces.
In the real problem concerning the manufacture of glass fibers, rotational forces are
much stronger than gravitational ones. Thus, it is appropriate to neglect the gravity
force, and as a consequence we can drop the fiber coordinate in the direction of gravity.
As a result the three-dimensional fiber problem with respect to the fiber center-line is
reduced to a two-dimensional problem. With respect to the coordinate configuration
(see Fig. 3.1), we drop the coordinate γ2 and thus γ and v˜ are two-dimensional vectors
given by
γ = (γ1, γ3) and v˜ = (v˜1, v˜3) .
Hence, the outer force term Eq. (3.8) reads
f˜ =
2
Rb
(−v˜3, v˜1) + 1
Rb2
(γ1, γ3). (3.35)
Moreover, the initial position and direction of the center-line γ are γ0 = (1, 0) and
τ 0 = (1, 0).
To solve this problem, described by Eqs. (3.1)-(3.8), a numerical scheme similar to
that of the straight fiber model is proposed in the following section.
3.3.1 Numerical scheme for the curved fiber
The finite volume scheme developed for the particular problem of a straight fiber
has been successfully implemented in the previous section. We will now extend this
approach for the numerical solution of the derived asymptotic model with rotational
forces. Matters are however not completely straightforward, since the center-line is
one of the additional unknowns of the problem, and for this reason the coupling and
constraint equations (see Eqs. (3.3)-(3.4)) need special treatment in the discretization.
This is described in more detail as follows:
For the numerical implementation of the model we first simplify the equations by
introducing an angle function θ, which is a function of s and t. We set
∂sγ = (∂sγ1, ∂sγ3) = (cos(θ), sin(θ)) = eθ. (3.36)
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Additionally, the function θ meets the following condition at the nozzle
θ(0, t) = 0.
It may be noted here that with the introduction of the angle function θ, the second-
order derivative (with respect to arc-length) term for γ, appearing in the viscous
term of the momentum Eq. (3.2) is reduced to a first-order term in θ. Furthermore,
Eq. (3.36) automatically satisfies the constraint condition (3.4).
Now, by introducing auxiliary variables
w = (w1, w3) = (Av˜1, Av˜3) and w
⊥ = (−w3, w1) ,
the model Eqs. (3.1)-(3.4) for s ∈ [0, L(t)) can be rewritten as
∂tψc + ∂sfci(uψc)− ∂sfcv(ψc, eθ, ∂su) = qc(ψc,γ) (3.37)
∂tγ + u eθ =
w
A
(3.38)
∂sγ = eθ, (3.39)
where ψc , fci, fcv and qc are the vector of primitive variables, the inviscid and viscous
flux functions, and the source term, respectively. They are given by
ψc = (A, w) , fci = uψc,
fcv =
(
0,
3
Re
A eθ ∂su
)
and qc =
(
0,
2
Rb
w⊥ +
1
Rb2
Aγ
)
.
Thus, by adding a new variable θ to the system, the number of equations is increased
by one. Thus, Eqs. (3.37)-(3.39) form a closed model for the seven unknowns ψc, u,
γ and θ.
The boundary conditions at the nozzle are
ψc(0, t) = (ψc)0 , u(0, t) = u0 (3.40)
γ(0, t) = γ0, ∂sγ(0, t) = (1, 0)
θ(0, t) = 0.
The symbol (ψc)0 appearing in Eq. (3.40) is equal to (A0,w0) with w0 = A0u0τ 0.
This relation can be seen from Eq. (3.38).
The boundary condition at the end of the fiber are
∂su(L(t), t) = 0, (3.41)
with
dL(t)
dt
= u(L(t), t), L(0) = 0. (3.42)
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To solve the equations of the straight fiber model, the finite volume method is em-
ployed on a non-uniform grid. In the present problem the model equations are a set
of PDEs with differential constraint. Thus, our main interest in the discretization lies
in mass as well as constraint preserving. This can be achieved by a staggered grid
method (see e.g., [17, 34]).
Let us discretize the fiber length using a staggered non-uniform grid as shown in
Fig. 3.10. In the grid, the variables ψc, u and θ are located in the cell centers and the
fiber center-line γ in the cell faces. Following the notations of Section 3.2.1, we take
the set of non-equidistant grid points si, i = 0, 1 . . . , N with 0 = s0 and si < si+1 at
time level tn, n = 0, 1, . . .. The length of the ith cell is denoted by ∆si = si − si−1.
The symbol ∆tn+1 = tn+1 − tn stands for the time step. Again, the number of cells
N grows with the time step, i.e. N(n) = n. As usual, we denote the cell average of
ψc(s, t) , u(s, t) and θ(s, t) in the cell [si−1, si] at time t
n by (ψc)
n
i , u
n
i and θ
n
i . The
approximated value of γ(s, t) at the cell faces si at time t
n is denoted by γni .
si−1 si
γ
n+1
i
t
n
∆sN+1
· · · · · · ∆tn+1
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i
∆si
Figure 3.10: Staggered grid used for the curved fiber. Black dots and dashed vertical
lines are marked for the nodal points and the cell faces.
Following the approximation procedure of Section 3.2.1, the inviscid flux is derived in
an upwind sense, while the viscous flux and source terms are approximated implicit
way.
Thus, the scheme as follows: From the known solutions (ψc)
n
i , u
n
i , θ
n
i and (γ)
n
i at time
level tn, the solutions at next time level tn+1 can be derived after formal integration of
Eqs. (3.37)-(3.39) over the interval [si−1, si]× [tn, tn+1]. Thus, for nodes i = 1, . . . , N
we obtain,
[
(ψc)
n+1
i − (ψc)ni
]
∆si +
[
(fci)
n
i − (fci)ni−1
]
∆tn+1 −
(3.43)[
(fcv)
n+1
i − (fcv)n+1i−1
]
∆tn+1 = ∆si∆t
n+1 (qc)
n+1
i
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1
2
[
(γn+1i−1 − γni−1) + (γn+1i − γni )
]
+ un+1i (eθ)
n+1
i ∆t
n+1 =
(w
A
)n+1
i
∆tn+1, (3.44)
(
γn+1i − γn+1i−1
)
= ∆si (eθ)
n+1
i , (3.45)
where the discrete flux functions (fci)
n
i , (fcv)
n+1
i and the source term (qc)
n+1
i are given
by
(fci)
n
i = (uψc)
n
i , (3.46)
(fcv)
n+1
i =
(
0,
3
Re
A eθ ∂su
)
(si, t
n+1), (3.47)
and
(qc)
n+1
i =
(
0,
2
Rb
(w⊥)n+1i +
1
2Rb2
An+1i (γ
n+1
i−1 + γ
n+1
i )
)
. (3.48)
As it has been stated before (see Eq. 3.24), the values of A and eθ at the cell faces
have to be derived by a weighted average
A(si, t
n+1) ' 1
∆si + ∆si+1
(
∆si+1A
n+1
i + ∆siA
n+1
i+1
)
eθ(si, t
n+1) ' 1
∆si + ∆si+1
(
∆si+1 (eθ)
n+1
i + ∆si (eθ)
n+1
i+1
)
since the length of the cells is non-uniform. The velocity gradient at the cell faces is
approximated by
∂su(si, t
n+1) ' u
n+1
i+1 − un+1i
∆si+1
2
+ ∆si
2
,
and at the point s0, we have
∂su(s0, t
n+1) ' u
n+1
1 − un+10
∆s1
2
.
The model Eqs. (3.37)-(3.39) are so far discretized for the nodes i = 1, . . . , N . For
the change of fiber length ∆sN+1 = L(t
n+1)− sN at time tn+1, a new node N + 1 is
created. We discretize Eqs. (3.37)-(3.39) at this new node according to the following
considerations.
The new node N + 1 is also the last node, so the approximation of Eq. (3.37) is
done in a way similar to Eq. (3.26). For the approximation of the coupling condition
Eq. (3.38), the time derivative term (∂tγ) is approximated by the linear interpolation
between ∂tγ(sN−1, t
n+1) and ∂tγ(sN , t
n+1). The motivation behind this approxima-
tion is that the discrete curved fiber model may lead to the straight fiber model under
the assumptions that the flow of the material is driven by gravity alone.
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Finally at node N + 1, we have
(ψc)
n+1
N+1 ∆sN+1 − (fci)nN ∆tn+1 + (3.49)
(fcv)
n+1
N ∆t
n+1 = ∆sN+1∆t
n+1 (qc)
n+1
N+1
a1
(
γn+1N−1 − γnN−1
)
+ a2
(
γn+1N − γnN
)
+ un+1N+1 (eθ)
n+1
N+1 ∆t
n+1 =
(w
A
)n+1
N+1
∆tn+1 (3.50)(
γn+1N+1 − γn+1N
)
= ∆sN+1 (eθ)
n+1
N+1 , (3.51)
where
a1 = −∆sN+1
2∆sN
and a2 =
(
1 +
∆sN+1
2∆sN
)
.
As it can be seen from the previous considerations, the number of equations in (3.43)-
(3.45), (3.49)-(3.51) is 7N + 7, whereas the number of unknowns is 7N + 8. The
unknowns are (ψc)
n+1
1 , . . . , (ψc)
n+1
N+1, u
n+1
1 ,. . .,u
n+1
N+1, γ
n+1
1 ,. . ., γ
n+1
N+1, θ
n+1
1 ,. . ., θ
n+1
N+1
and the length ∆sN+1 of the new cell.
Now, to close this system we need an additional equation for ∆sN+1. This discretized
equation can be deduced from Eq. (3.42). The possible approximation of Eq. (3.42)
and its behavior with respect to the system have already been discussed in Section
3.2.1. Thus, we do not repeat any detail here. Again, we approximate ∆sN+1 from
the first component of the vector Eq. (3.49) and close the discretized equations by
(∆sN + 2∆sN+1)A
n+1
N+1 −
(
∆sN+1A
n+1
N + (∆sN + ∆sN+1)Aend
)
= 0, (3.52)
where Aend is the cross-sectional area at the end of the fiber.
The discretized algebraic Eqs. (3.43)-(3.45), (3.49)-(3.51) and (3.52) are now a closed
set of 7N +8 equations for the 7N +8 unknowns. The implementation procedure for
this scheme is similar to Algorithm 3.1 (Section 3.2.1).
In the following section we first validate the results obtained from the simulation
by comparing them with the analytical solution of the inviscid problem. Then, nu-
merical results for a wide range of Reynolds and Rossby numbers are discussed in
Section 3.3.3.
Remark 3.6 The reader may raise here the same question about the weight of the
last cell as pointed out in Remark 3.2. This question may also be answered in a
similar way as discussed there. To see it more clearly, a simulation result of the fiber
trajectory for two different situations, i.e. with (1/2)∆sN+1∆t
n+1 and ∆sN+1∆t
n+1
is plotted in Fig. 3.11.
This figure shows that the approximation of the source term with factor 1/2 for the
cell area of the last cell leads to a total wrong direction of the fiber trajectory (left
panel of Fig. 3.11).
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Figure 3.11: The fiber trajectory in the (γ3, γ1)- plane at two different times for
Re = 6 and Rb = 2, Left: With the (1/2)∆sN+1∆t
n+1 approximation of the outer
source term , Right: With the ∆sN+1∆t
n+1 approximation of the outer source term.
3.3.2 Validation of the numerical scheme
As a first validation of the numerical scheme proposed in Section 3.3.1 we compare
the numerical results for a high Reynolds number with the analytical solutions of the
inviscid problem. In the inviscid limit, Re → ∞, the viscous term approaches zero.
Thus, it is possible to drop the viscous term from the momentum equation. It should
also be noted that the stress-free boundary condition (3.6) is not required any more
to close the model equations, since the second order derivative term with respect to
the arc-length variable s for the fluid velocity u disappears.
Consequently, to set up the equations of the inviscid fiber model, we consider the
model Eqs. (3.1)-(3.5) and (3.7)-(3.8) but neglect the viscous term of the momentum
Eq. (3.2), yielding
∂tA + ∂s(Au) = 0 (3.53)
∂t(Av˜) + ∂s(uAv˜) = f˜A (3.54)
v˜ = ∂tγ + u∂sγ (3.55)
‖ ∂sγ ‖= 1 (3.56)
with the boundary conditions at the nozzle,
A(0, t) = 1, u(0, t) = 1 (3.57)
γ(0, t) = γ0, ∂sγ(0, t) = τ 0
v˜(0, t) = u0τ 0.
Additionally, the evolution of fiber length is given by
dL(t)
dt
= u(L(t), t), L(0) = 0. (3.58)
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The extra boundary condition given in Eq. (3.57) for the velocity v˜ at the nozzle
s = 0 is simply deduced from Eq. (3.55).
Since the developed numerical scheme is for the two-dimensional problem, the fiber
center-line γ for the inviscid problem is also two-dimensional, and hence, v˜ is a two-
dimensional vector. Moreover, the outer force f˜ appearing in Eq. (3.54) is the same
as in Eq. (3.35).
To solve Eqs. (3.53)-(3.58) analytically, we formulate first the same problem in La-
grange coordinates. Then the solution obtained in Lagrange coordinates will be
transformed back into the Eulerian system. Thus, for fixed time t and τ ∈ [0, t], the
inviscid fiber problem in the Lagrange coordinates reads
χ¨ = g˜(χ, χ˙) (3.59)
with boundary conditions
χ(0) = γ0 and χ˙(0) = v˜0, (3.60)
where χ(τ) = (χ1, χ3)(τ) is the position of a material particle at time τ and g˜ is the
outer force, i.e. g˜ = (2/Rb) (−χ˙3, χ˙1) +
(
1/Rb2
)
(χ1, χ3). The symbols γ0 and v˜0
are the initial position and velocity of the particle at the nozzle given in Eq. (3.57).
The symbol (.) refers to derivative with respect to the time variable τ .
Equations (3.59)-(3.60) state a general initial value ODE problem. The analytical
solution can be easily obtained by using any standard method. The solution of this
ODE is given by
χ(τ) = (1 + τ) (cos(cτ), sin(cτ)) + cτ (sin(cτ), − cos(cτ)) ,
where c = 1/Rb.
To describe the solutions of Eqs. (3.53)-(3.58) through χ in a parameterized way, we
first introduce the following transformation.
For t > 0 and τ ∈ [0, t], we define
S(τ) =
∫ τ
0
‖ χ˙ ‖ dτ ′ .
Assuming T to be the inverse function of S, the analytic solution of Eqs. (3.53)-(3.58)
is given for s ∈ [0, S(t)) by
A(s, t) = A0u0∂sT (s), u(s, t) =
1
∂sT (s)
(3.61)
γ(s, t) = χ (T (s)) , v˜(s, t) = χ˙(T (s).
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Consequently, without calculating the inverse function T we are able to formulate a
parametric solution. For τ ≤ t, it reads
A(S(τ), t) =
A0u0
‖ χ˙(τ) ‖ , u(S(τ), t) =‖ χ˙(τ) ‖ (3.62)
γ(S(τ), t) = χ(τ), v˜(S(τ), t) = χ˙(τ).
One can easily check, that Eq. (3.61) satisfies the Eqs. (3.53)-(3.58) of the inviscid
problem.
To compare the simulation result of the numerical scheme (Eqs. (3.43)-(3.45), (3.49)-
(3.51) and (3.52)) with the analytical solution (Eq. (3.62)) of the inviscid model, we
assume a sufficiently high Reynolds number, here Re = 3000 in the viscous model.
The comparison of the results for the fiber center-line, cross-sectional area and velocity
is demonstrated in Figs. 3.12-3.14.
The results are shown at a certain fixed time t = 1.6102. A fixed Rossby number
Rb = 2 is considered for both the cases.
The comparison of the numerical results for the fiber center-line with the analytical
solution is shown in Fig. 3.12. This figure shows that the solution of the numerical
scheme agrees quite well with the analytical solution.
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Figure 3.12: Comparison of the numerical results for the center-line (black curve)
with the analytical solution (red curve).
A comparison between the numerical and analytical results for the cross-sectional
area is given in Fig. 3.13. From this figure, we see that the numerical results match
the analytical ones quite well, but they differ at the end. The developed numerical
scheme is defined for the viscous model. The simulation results for high Reynolds
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number approach to the inviscid one. However, there still remains a small viscosity in
the fluid. As a result, a boundary layer at the end of the cross-sectional area develops
in the case of viscous fluid.
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Figure 3.13: Comparison of the numerical results for the cross-sectional area (black
curve) with the analytical solution (red curve).
The numerical results for the velocity and the analytical ones are compared in Fig. 3.14.
They are nearly the same. The small difference at the end of the velocity profile is
due to the prescribed stress-free boundary condition of the scheme.
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Figure 3.14: Comparison of the numerical results for the velocity (black line) with
the analytical solution (red line).
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3.3.3 Simulation results and discussion
In the previous section we validated the results of the numerical scheme with the
analytical solution in the inviscid limit. In this section, to see the effects of viscosity
and rotation on the center-line of the fiber and on the cross-sectional area, a number
of simulations are performed for a wide range of Reynolds (Re) and Rossby (Rb)
numbers. In particular, the simulation results are compared for the different param-
eters. For this purpose, numerical results for a fixed number of computational cells
are used. Therefore, the results can be compared at different times.
In Fig. 3.15 we analyze the effects of viscosity on the evolution of the fiber by varying
the Reynolds number, i.e. by changing the viscosity of the fiber and keeping the
Rossby number constant. The simulation results for two sets of parameters, Rb = 4,
Re = 1 and Rb = 4, Re = 10, are given in Fig. 3.15.
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Figure 3.15: Evolution of the fiber center-line and cross-sectional area. Top and
bottom left panels: The center-line in the (γ3, γ1)-plane, Top and bottom right panels:
Cross-sectional areas versus fiber arc-length, Top panel: Rb = 4 and Re = 1, Bottom
panel: Rb = 4 and Re = 10.
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By comparing the top and bottom left panels of Fig. 3.15 we can see that with
increasing Reynolds number the fiber center-line becomes less coiled. As it can also
be seen from the left panels of this figure, the center-line with high viscosity has
a larger curvature and takes a longer processing time to evolve. We further notice
that with increasing Reynolds number the change of the center-line dynamics becomes
smaller. Similarly, the comparison of the results displayed in the top and bottom right
panels of Fig. 3.15 shows that with increasing Reynolds number the cross-sectional
area decreases faster with respect to the fiber arc-length.
In Fig. 3.16 we show a similar comparison but we now keep the Reynolds number
constant while varying the Rossby number, i.e. we perform simulations for different
rotational forces. Again, two sets of data are considered, Re = 4, Rb = 10 and
Re = 4, Rb = 1.
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Figure 3.16: Evolution of the center-lines and cross-sectional areas. Top and bottom
left panels: The center-line in the (γ3, γ1)-plane, Top and bottom right panels: Cross-
sectional areas versus fiber arc-length. Top panel: Re = 4 and Rb = 10, Bottom
panel: Re = 4 and Rb = 1.
By comparing the top and bottom left panels of Fig. 3.16, we see that when the Rossby
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number decreases the center-line coils more rapidly. Furthermore, we notice that for
large Rossby numbers the center-line dynamics does not change significantly in time.
Similarly, the results of the comparison of the top and right panels of Fig. 3.16 show
that with decreasing Rossby number, cross-sectional area also decreases faster with
growing length of the fiber.
It is also interesting to analyze the differences between the profiles of the inviscid and
viscous fibers. As it can be seen from Fig. 3.17 this difference is quite significant.
The inviscid fiber goes away from the device whereas the viscous one stays nearer,
and has a higher curvature.
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Figure 3.17: Evolution of viscous and inviscid fibers at two different times. The solid
curves represent the center-line for Re = 1, the dashed curves for Re = ∞.
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Figure 3.18: Effects of viscosity and rotation speed on the evolution of the fiber
length. Left: Fiber length versus time for various Reynolds numbers at a fixed
Rossby number Rb = 4. Right: Fiber length versus time for various Rossby numbers
at a fixed Reynolds number Re = 4.
The effect of viscosity and rotation on evolution of the fiber length is described in
Fig. 3.18. In the left panel of Fig. 3.18, the fiber length is plotted against time for
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different values of Reynolds numbers, while the Rossby number is kept constant. In
agreement with previous results, we see that fiber length increases more rapidly with
increasing Reynolds numbers. The evolution of the fiber length in the inviscid limit
is different from the viscous case for small Reynolds numbers only. However, it can
be observed that the rotational speed also substantially influences the dynamics of
the fiber length. In particular, a rapid increase for small Rossby numbers is evident
in the right panel of Fig. 3.18.
3.4 Curved fiber (3D center-line)
The dynamics of the fiber center-line has been studied in Section 3.3 under the as-
sumption that rotational forces are much stronger than gravity. However, there are
situations where rotational forces are small or comparable to the gravitational force.
In order to focus on a more general situation it is important to consider gravity.
Therefore, in this section we additionally incorporate gravity into the problem.
To study the influence of rotational and gravitational forces on the center-line of the
fiber we consider our full model Eqs. (3.1)-(3.8). More generally, with the inclusion
of gravity into the problem, the center-line of the fiber lies no longer in a plane and
as a consequence it is a three-dimensional vector, i.e. γ = (γ1, γ2, γ3). Hence, v˜ is
also a three-dimensional vector.
We follow the staggered approach as described in Section 3.3.1 for the discretization
of Eqs. (3.1)-(3.4). However, due to the increase of the dimension of the center-line
γ, two angular functions α and β, which are functions of both s and t are introduced.
They define the tangent vector as
∂sγ = (∂sγ1, ∂sγ2, ∂sγ3) = (sin(α) cos(β), cos(α), sin(α) sin(β)) (3.63)
with
α(0, t) =
pi
2
and β(0, t) = 0.
It can easily be seen that Eq. (3.63) automatically fulfills the constraint (3.4). Due
to the introduction of the angle functions α and β, the number of unknowns of the
system is increased by two. Therefore, Eq. (3.63) is used to close the model equations.
It should be pointed out that inclusion of the gravity does not introduce any problem
in the discretization of the equations. Similar numerical procedures as described
in Section 3.3.1 are applied. For this reason we do not repeat the details of these
procedures. However, the results obtained by the numerical simulation are shown
below.
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3.4.1 Simulation results and discussion
The effect of rotational, viscous and gravitational forces on the fiber center-line and
its cross-sectional area are described in the simulation results. The model parameters
Re = 8, Rb = 1 and Fr = 2 are considered for the simulation. Here, we have chosen
these parameters of the same order to see the combined effects of all the forces.
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Figure 3.19: Evolution of the fiber center-line under the influence of rotational and
gravitational forces.
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Figure 3.20: Cross-sectional area versus fiber arc-length at three different times.
Figure 3.19 shows the fiber center-line at various times. This figure clearly depicts
the evolution of the viscous fiber under the influence of gravitational and rotational
forces. We see that the fiber center-line forms a helical shape with growing time.
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Due to the action of gravity it is falling down whereas the rotational forces curve the
center-line. The cross-sectional area at three different times is shown in Fig. 3.20.
The cross-sectional area is monotonically decreasing with increasing time.
The developed numerical scheme for the simulation of the fiber evolution process
produces reasonable results. However, the numerical scheme has a certain limitation.
In order to simulate the fiber model for small Rossby numbers, which are of order
O(10−1) or less, experience reveals that a starting time at least two orders of magni-
tude less than the Rossby number is required. Moreover, for small Rossby numbers,
the velocity increases very rapidly and the CFL criterion imposes even smaller time
steps. Thus, the computational time is very high and it is difficult to perform a sim-
ulation even for a very small fiber length. For these reasons our scheme needs to be
modified in future to include the case of smaller Rossby numbers.
3.5 Summary
In this chapter, we have analyzed the non-stationary fiber model. A finite volume
code has been developed for the solution of the time dependent fiber problem. Sim-
ulation results are shown for a wide range of Reynolds, Rossby and Froude numbers.
In particular, the simulation results are validated by comparing them against the
analytical results of the inviscid problem.
Furthermore, the simulation results show that the length of the fiber increases with
time but its center-line varies slowly. This leads to analyze the stationary situation
of the fiber model in the following chapter of this thesis.
Chapter 4
Numerical Simulation of the
Steady State Fiber Model
The evolution process of the fibers under the influence of viscous, rotational and
gravitational forces has already been investigated in Chapter 3. The simulation results
show that the length of the fiber varies with time but its trajectory varies slowly. Thus,
the observation reveals that although the glass wool production process is inherently
complex and time-dependent, in certain situations the process can be described as a
stationary process.
In the stationary fiber problem the fiber center-line and the dependent variables like
velocity, cross-sectional area, etc. as well as boundary conditions are independent of
time. However, one can also simulate a time dependent fiber model for the generation
of the fiber for a long time and then asymptotically reach steady-state with stationary
boundary conditions. For the analysis of the steady-state we must consider a fiber
of infinite length, which is unlike in reality, where the fiber breaks at a certain point
and is thus limited to a finite length. Hence, only a part of the fiber needs to be
considered for the discussion of the stationary problem. This means that the shape
of the fiber and the dependent variables will be observed for a finite fiber length only.
In the light of the above discussion it is useful to study the steady-state fiber model.
Such a model will be presented in the following section.
A brief outline of this chapter is as follows. In the first section we present the steady-
state equations of the asymptotic model. Section 4.2 proposes a numerical scheme
to solve the model equations. Moreover, the simulation results of the steady and
unsteady process are compared. Furthermore, a projection approach is introduced
in Section 4.3 to solve the problem even for very small Rossby numbers. Finally, a
summary of the results is given in Section 4.4.
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4.1 Steady state fiber model
We will work with the equations of the non-dimensional asymptotic model given in
Section 2.7. Since we consider the time-independent problem, all variables depend
only on the arc-length parameter s. We solve the system for s ∈ [0, L], where L is
considered to be a finite length of the fiber. After dropping the terms associated with
the time derivative we get the following set of equations.
Conservation of mass and momentum, s ∈ [0, L)
∂s(Au) = 0 (4.1)
∂s (uAv˜) =
3
Re
∂s (A∂su ∂sγ) + f˜A (4.2)
Coupling condition
v˜ = u ∂sγ (4.3)
Arc-length parameterization
‖ ∂sγ ‖= 1 (4.4)
Boundary conditions at the nozzle, s = 0
A(0) = 1, u(0) = 1 (4.5)
γ(0) = γ0, ∂sγ(0) = τ 0
Boundary condition at s = L
∂su(L) = 0 (4.6)
The non-dimensional body forces are
f˜ =
1
Fr2
eg − 2
Rb
(eω × v˜)− 1
Rb2
(eω × (eω × γ)) (4.7)
The symbols A, u and γ denote the cross-sectional area of the fiber, the fluid velocity
and the center-line of the fiber, respectively. The body force f˜ include the force of
gravity and the rotational forces. The dimensionless parameters in these equations
are the Reynolds number Re, the Froude number Fr and the Rossby number Rb. The
choice of scales and definitions of all non-dimensional parameters are already given
in Chapter 2.
Following similar considerations as given in Section 3.1, the fiber position at the
nozzle is equal to γ0 = (1, 0, 0). For the tangent vector τ 0, we set τ 0 = (1, 0, 0).
Considering the simple setting for the rotating device as shown in Fig. 3.1, the vector
eg and eω of Eq. (4.7) are equal to eg = (0,−1, 0) and eω = (0, 1, 0). Further, by
introducing the components of the vectors γ = (γ1, γ2, γ3) and v˜ = (v˜1, v˜2, v˜3), the
outer force Eq. (4.7) can be rewritten as
f˜ =
(
− 2
Rb
v˜3 +
1
Rb2
γ1, − 1
Fr2
,
2
Rb
v˜1 +
1
Rb2
γ3
)
. (4.8)
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Remark 4.1 In the time-dependent fiber problem the so-called stress-free boundary
condition is applied at the end of the fiber. But, in the steady case the end of the fiber
is not known. However, the highest order derivative of the system Eqs. (4.1)-(4.4) is
second order for the fluid velocity u. In addition to the boundary condition at the
nozzle Eq. (4.5) an extra boundary condition is required to close the model equations.
Therefore, this stress-free boundary condition Eq. (4.6) is again imposed at the given
length of the fiber. Moreover, it should be noted that in the unsteady model, this
boundary condition always produces a layer at the end of the cross-sectional area
of the fiber, while this will not be observed in the steady model since the model
equations will be solved for a given finite length of the fiber.
In the following section we present a numerical scheme for solving the steady-state
fiber model. The following scheme is quite similar to the one developed in Section 3.3.1
for the unsteady problem.
4.2 Numerical procedure
Before we introduce the numerics, we first simplify the equations of the steady-state
fiber model. Notice, that in the stationary situation we have only one velocity u.
So writing the coupling condition explicitly has no meaning. It simply increases the
number of unknowns of the system. Of course, one can consider v˜ as one of the
unknowns of the problem, but for simplicity we eliminate v˜ from Eq. (4.2) in order to
obtain ordinary differential equations for u and γ. Furthermore, Eq. (4.1) provides
constant mass flux along the fiber. By using Eq. (4.5), we get Au = 1. Therefore, we
can write the equations either in terms of A or u. Here, we write then, in terms of u.
Thus, the model now consists of the momentum and the constraint equation:
∂s(u∂sγ) =
3
Re
∂s
(
1
u
∂su ∂sγ
)
+ f˜
1
u
, (4.9)
and
‖ ∂sγ ‖= 1. (4.10)
Indeed, it is helpful to simplify the above equations even further by introducing two
angles α and β as functions of the arc-length parameter s such that
(∂sγ1, ∂sγ2, ∂sγ3) = (sin(α) cos(β), cos(α), sin(α) sin(β)) = eα,β. (4.11)
Moreover, at the nozzle s = 0, we have
α(0) =
pi
2
and β(0) = 0. (4.12)
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Eq. (4.12) is the consequence of Eq. (4.5).
Finally, substituting Eq. (4.11) into Eq. (4.9), we obtain
∂s(ueα,β) =
3
Re
∂s
(
1
u
(∂su) eα,β
)
+ f˜
1
u
, (4.13)
The arc-length constraint Eq. (4.10) can be expressed as the following differential
equation
∂sγ = eα,β. (4.14)
Eqs. (4.13)-(4.14) are a simplified system of six equations for the six unknowns, u,
α, β and γ. The momentum equation (4.13) is still in divergence form. Therefore, it
is natural to discretize these equations by finite volumes. Moreover, we again use an
up-winding differencing scheme to treat the convective term.
For the numerical solution of the unsteady fiber problem, a finite volume method has
been used on a non-uniform staggered grid. For the present problem we consider a
staggered grid of uniform cell lengths. Let us divide the length of the fiber intoN fixed
cells of equal length ∆s as shown in Fig. 4.1. To approximate the model equations
we average u and eα,β over the cell [si−1, si]. The center-line γ is approximated at the
cell faces. Let ui and (eα,β)i denote the numerical approximation of the cell average
solution in the control cell [si−1, si], and let γi be the approximation of γ at the cell
face si.
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Figure 4.1: Grid type used for the steady-state model. Black dots and small vertical
dashed lines represent nodes and cell faces.
By integrating the governing Eqs. (4.13)-(4.14) over the control cell [si−1, si], we get
the following discretized equations.
(ueα,β)i − (ueα,β)i−1 = hi − hi−1 + ∆s f˜i 1
ui
, (4.15)
γi − γi−1 = ∆s (eα,β)i , (4.16)
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where hi is given by
hi = h(si) =
3
Re
(
1
u
∂su eα,β
)
(si),
with
u(si) =
ui + ui+1
2
,
(eα,β)(si) =
(eα,β)i + (eα,β)i+1
2
,
and
(∂su) (si) =
ui+1 − ui
∆s
.
At the boundary nodes, i = 1 and N , the function h is approximated in a special
way. Using the boundary condition Eq. (4.5), the approximation of h at s0 is given
by
h0 = h(s0) =
3
Re
(
1
u
∂su eα,β
)
(s0)
with
u(s0) = 1, (eα,β) (s0) = τ 0,
and
(∂su) (s0) =
(u1 − u0)
∆s
2
.
Similarly, by using Eq. (4.6), the approximation of h at grid point sN reads
hN = h(sN ) = 0.
The approximation of the body force f˜ yields
f˜i =
(
− 2
Rb
ui(e3,α,β)i +
(γ1)i−1 + (γ1)i
2Rb2
, − 1
Fr2
,
2
Rb
ui(e1,α,β)i +
(γ3)i−1 + (γ3)i
2Rb2
)
,
where e1,α,β and e3,α,β represent the first and third component of the vector eα,β.
Now, we will look at methods available to solve the non-linear discretized Eqs. (4.15)-
(4.16). These are 6N equations for the 6N variables, u1,. . ., uN , α1, . . ., αN , β1, . . .,
βN and γ1, . . ., γN .
For the numerical solution of the time dependent problem iterations based on the
least-square method are used to achieve a solution through a sequence of steps from a
starting state to a final converged state. For the solution of the steady-state problem
a similar iteration method is used. Of course, the iteration steps resemble a dynamic
process but do not correspond to a realistic time-dependent behavior. Here we will
advance the solution by slowly increasing the viscosity of fluid and the speed of the
rotating device. This type of procedure is also used in [21] in a different context
to solve equations for an electrically forced jet. The details of the implementation
are presented in Algorithm 4.1. The simulation results are discussed in the following
subsection.
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Algorithm 4.1 The coupled non-linear Eqs. (4.15)-(4.16) are solved implicitly using
a Newton or a modified Newton method [24]. The initial guess is given by a straight
fiber of constant cross sectional area and uniform velocity. We then slowly increase
the rotational speed and the viscosity of the fluid till we reach the desired rotation
speed and viscosity. The previously calculated solution is used as the initial guess for
the next step. Thus, the algorithm is the following:
Initialize the fiber as straight line with uniform cross-sectional area and velocity
repeat
Increase linearly rotational speed and viscosity
Solve Eqs. (4.15)-(4.16) for velocity and fiber position
Update initial fiber position
until the desired rotational speed and viscosity
Remark 4.2 Although the equations of the stationary and non-stationary model are
discretized by using a finite volume method, the nature of the systems is quite differ-
ent. The governing equations of the time dependent model are a set of PDE with the
arc-length constraint. On the other hand, the steady-state model Eqs. (4.13)- (4.14)
are simply ODEs. Both the systems are closed with similar boundary conditions. In
particular, the stress-free boundary condition produces a layer in the unsteady case,
while this is not true in the steady model. Thus, the discretized system that arise
from the steady model is less stiff in comparison to the unsteady one. Hence, the
non-linear discrete equations are solved using a simple Newton or a modified Newton
iterations scheme.
4.2.1 Comparison of the simulation results
In this section some comparisons of the numerical results of the steady and unsteady
state are presented. We consider first the solution of the unsteady problem at a
certain time t. Then the steady problem is solved over the length produced by the
unsteady problem. For the comparison, we first start with a rather low viscosity of
the fiber. Here, we consider Re = 8. The Rossby and Froude number are chosen to
be Rb = 1 and Fr = 2. The unsteady solution is considered at the non-dimensional
time t = 10.
A comparison of the fiber center-lines is given in Fig. 4.2. The steady center-line
shown in this figure seems to be quite close to the unsteady one. Fig. 4.3 displays
a similar comparison for the cross-sectional area of the fiber. This figure shows that
both simulation results agree quite well. The difference at the end is produced by the
mentioned boundary layer.
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Figure 4.2: Comparison of the fiber center-line in the steady and unsteady case for the
parameters Re = 8, Rb = 1 and Fr = 2. The dashed curve represents the unsteady
fiber, while the dotted curve corresponds to the steady solution.
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Figure 4.3: Comparison of the cross-sectional area of the fiber in the steady and
unsteady case for the parameters Re = 8, Rb = 1 and Fr = 2. The dashed curve
represents the cross-sectional area of the unsteady fiber, while the dotted curve cor-
responds to the steady solution.
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The results compared above for a fiber with low viscosity illustrates that the unsteady
process may be regarded as a stationary process. It is also interesting to see how the
results differ for a more viscous fiber. Hence, we choose again Rb = 1 and Fr = 2 but
decrease now the Reynolds number to Re = 3. The comparison of the results with
respect to the fiber center-line and cross-sectional area are shown in Figs. 4.4-4.5.
−5
0
5
10
−5
0
5
−15
−10
−5
0
γ3
γ1
γ 2
Steady solution
Unsteady solution at t=10.0
Figure 4.4: Comparison of the fiber center-line in the steady (dotted) and unsteady
(dashed) simulation for the parameters Re = 3, Rb = 1 and Fr = 2.
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Figure 4.5: Comparison of the cross-sectional area of the fiber in the steady (dotted)
and unsteady (dashed) simulation for the parameters Re = 3, Rb = 1 and Fr = 2.
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The comparisons show that the change in the cross-sectional area at the end of the
fiber is very small but the difference at the end of the center-line is quite significant. In
this case, the fluid in the fiber is more viscous due to decrease of the Reynolds number.
As we see from Fig. 4.3 and Fig. 4.5 the fiber arc-length decreases as the Reynolds
number decreases and the boundary layer at the end of the cross-sectional area is
slightly smear out, while this is sharp in the low viscous case. The differences at the
end of the fiber are also produced by the boundary layer. However, the comparison
agrees quite well up to a long distance from the nozzle.
In principle a similar comparison can be made for unsteady and steady solutions
for different Rossby numbers while keeping Reynolds and Froude numbers constant.
However, from the unsteady results, (see top and bottom left panels of Figs. 3.16), it
can be concluded that the change of the fiber trajectory is small. Thus, with respect
to the underlying assumptions the process can be described as a stationary process.
The numerical scheme introduced in Section 4.2 to solve the equations of the steady-
state fiber model is producing reasonable results. In particular, the results are val-
idated by comparisons with the numerical results of the unsteady model. However,
the scheme has a certain limitation. The convergence is slow and it does not even
converge for the small Rossby numbers. This problem has also been pointed out in
the time-dependent numerical scheme. We try to solve this problem in the following
section by projecting the model equations to local coordinates.
4.3 Projection approach
The model Eqs. (4.1)-(4.7) are described in a Cartesian coordinate system. We have
observed that the model equations in this system are not well suited for numerics,
especially for small values of the non-dimensional parameters. To overcome this
problem we first project the model equations onto a local system of tangential and
normal coordinates. The resulting equations are then solved numerically. In order
to define the projection, we first introduce the basis vectors of the local coordinate
system.
We first define the tangent vector
et(α, β) = ∂sγ = (sin(α) cos(β), cos(α), sin(α) sin(β)) .
Now, the derivative of et(α, β) with respect to the arc-length parameter s can be
written as
∂set(α, β) = (∂sα)en(α, β) + (sin(α)∂sβ)eb(α, β),
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where the vectors en and eb are given by
en(α, β) = (cos(α) cos(β), − sin(α), cos(α) sin(β))
eb(α, β) = (− sin(β), 0, cos(β)) .
Indeed, it can be easily verified that the vectors et, en and eb are orthonormal and
they express basis vectors of the local coordinate system.
After some simplification, the momentum Eq. (4.9) can be written in terms of the
local coordinate components. They are:
∂su =
3
Re
∂s
(
∂su
u
)
+
1
u
(
sin(α)
Rb2
(γ1 cos(β) + γ3 sin(β))− 1
Fr2
cos(α)
)
(4.17)
u∂sα =
3
Re
(
∂su
u
)
∂sα +
1
u
(
cos(α)
Rb2
(γ1 cos(β) + γ3 sin(β)) +
1
Fr2
sin(α)
)
(4.18)
u sin(α)∂sβ =
3
Re
(
∂su
u
)
sin(α)∂sβ + (4.19)
1
u
(
1
Rb2
(−γ1 sin(β) + γ3 cos(β)) + 2
Rb
u sin(α)
)
.
The constraint Eq. (4.10) can be expressed as
∂sγ1 = sin(α) cos(β) (4.20)
∂sγ2 = cos(α)
∂sγ3 = sin(α) sin(β).
The boundary conditions are the same as in Eqs. (4.5)-(4.6), with α(0) = pi/2 and
β(0) = 0. Eqs. (4.17)-(4.20) are ordinary differential equations for the unknowns u,
α, β, γ1, γ2 and γ3.
We now see that the divergence form of Eq. (4.9) is lost by projecting onto local
coordinates. Therefore, the finite volume method may not be appropriate for the
discretization of the resulting equations. For the numerical treatment, we discretized
these equations using a finite difference method. Moreover, we approximate the
second derivative (dissipative term in Eq. (4.17)) with a three-point central difference
scheme. For the first derivative we use a backward difference method. The non-
linear algebraic problem arising from the discretization of Eqs. (4.17)-(4.20) is solved
implicitly using a Newton method. The numerical implementation follows similar
steps as outlined in Algorithm 4.1. Although stability analysis of the numerical
scheme is not discussed here, the simulations reveal that this scheme is more stable
and predicts the results even in a few iterations for small Rossby numbers. Simulation
results for Rossby, Reynolds and Froude numbers are presented in Chapter 5 to
illustrate the performance of this scheme.
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4.4 Summary
The steady-state fiber problem is analyzed for a fiber of finite length. A numerical
scheme based on a finite volume method is developed. A comparison of results from
the unsteady and steady-state model yields that the transient behavior in the un-
steady case is quite similar to the steady one. Observing the convergence problem in
the finite volume code for small Rossby numbers, a projection approach is presented
for suitable numerical solutions by means of a finite difference method.
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Chapter 5
Application
5.1 Introduction
The present chapter focuses on the application of the asymptotic model derived in
Chapter 2 to describe the flow of a incompressible Newtonian fluid in the glass wool
production process. During the production process, hot molten material from a fur-
nace is transfered into a rotating device, and fibers are produced as centrifugal forces
extrude the material through many small holes. More details of the production pro-
cess have already been explained in Chapter 1. A typical diagram of the process is
also shown in Fig. 1.1.
Although the process is non-isothermal and involves numerous physical properties,
we have limited ourselves in the derivation of the model to the isothermal situations.
The physical effects of surface tension and aerodynamics forces are not considered
in the model. The analysis of the model is also restricted to the first phase of the
production process, during which the glass fibers emerge from the spinner. So any
subsequent breaking of the fibers, while falling down to the conveyor, is not discussed
in this thesis. However, the physical effects of inertia, viscosity, gravity and rotation
are included in the fiber model. The model describes the dynamics of the fiber center-
line as well as the internal variables of the fiber, e.g. cross-sectional area, velocity and
tension. Moreover, with the underlying considerations, the non-stationary process can
be regarded as a stationary one, as explained in Chapter 4. Hence, the steady-state
version of the model is used to predict the shape of the fiber center-line and its internal
variables via simulation based on industrial data provided by the Fraunhofer ITWM,
Kaiserslautern.
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5.2 Industrial data
The material used for the simulation is glass. The properties of the glass and the
process parameters are tabulated below.
Parameter Notation Unit Value
Density ρ kgm−3 2500
Dynamic viscosity µ Nsm−2 100
Radius of the drum L0 m 0.1
Radius of the nozzle a m 0.0001
Drum rotation rate ω rad s−1 100
Fiber exit velocity V ms−1 0.01
Table 5.1: Typical process parameters.
By considering the typical length of the fiber as the radius of the rotating device
(L0), and gravity g = 10ms
−2, the non-dimensional numbers are calculated and
given below.
Non-dimensional numbers Value
Re = (ρV L0)/µ 0.025
Rb = V/(ωL0) 0.001
Fr = V/(
√
gL0) 0.01
Table 5.2: Non-dimensional numbers.
A note on industrial data
By reasons of confidentiality, the tabulated data are slightly modified one but within
the range of real industrial production process. In fact the viscosity of the material
may not be constant, but depends upon temperature. Since we assume the temper-
ature distribution along the length of the fiber is constant, the value of viscosity is
calculated at a given high temperature.
Observation
By Eq. (2.19) the value of the slenderness parameter  turns out to be of order
O(10−3). Thus, the glass wool production process described above fits to the setting
of the asymptotic approximation of the Navier-Stokes equation with its free surface
boundary conditions. Further, the orders of magnitude of the non-dimensional pa-
rameters in the problem are: Re ∼ O(10−1), Rb ∼ O(10−3) and Fr ∼ O(10−2). This
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indicates that the centrifugal force, that is of order of magnitude O(1/Rb2) ∼ (10+6),
is dominant over the viscous, coriolis and gravitational forces which are of orders
O(1/Re) ∼ (10+1), O(1/Rb) ∼ (10+3) and O(1/Fr2) ∼ (10+4), respectively. Due
to the observed orders of magnitudes of forces one can guess that fiber movements
are dominated by the centrifugal force. This observation is demonstrated graphically
below.
5.3 Simulation results
Considering the simple setting for the rotating device as shown in Fig. 3.1, the steady-
state model described by the projection approach given in Sec. 4.3 is solved. The
simulation results of the shape of the center-line, cross-sectional area, velocity and
the tension on the fiber are shown in Figs. 5.1-5.5. In the real production process the
length of the wool fibers are very small within the range 0.03 to 0.04 meters. Hence,
for the computational purpose a part of the fiber of length 0.035 meters is considered.
The steady center-line is shown in Fig. 5.1. The length scale of the axes is in meters.
From this figure we see that the scale of the γ2 and γ3 coordinates are of orders
O(10−8) and O(10−3), respectively. This implies that gravity and coriolis forces have
very little effect on the formation of the fibers. To see it more clearly, a projection
of the three-dimensional center-line is plotted in Fig. 5.2 onto the (γ3, γ1)-plane.
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Figure 5.1: Steady-state center-line profile.
Fig. 5.2 shows that the fiber is nearly straight. Thus, the above observation is fairly
in good agreement with the numerical results. In particular, this results confirms the
validity of the industrial application of the straight fiber model given in Section 3.2.3.
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Figure 5.2: Projection of the plot given in Fig. 5.1 in the (γ3, γ1)-plane. The dotted
line shows half of the rotating device. The solid line represents the center-line of the
fiber.
The maximum decrease of the cross-sectional area as shown in Fig. 5.3 takes place
near the nozzle. Then it stays almost constant. The maximum decrease of cross-
sectional area results in a maximum increase of velocity as we can see in Fig. 5.4.
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Figure 5.3: Cross-sectional area versus arc-length along the fiber.
Due to high rotational speed of the device the fluid accelerates rapidly after it comes
out of the nozzle. As a result, the velocity gradient is maximum at the nozzle position
and the tension on the fiber is highest at that point (see Fig. 5.5). The tension then
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Figure 5.4: Velocity versus arc-length along the fiber.
decreases faster to a very small value with growing distance from the nozzle. Finally,
at the end of the fiber the tension is zero due to the stress-free condition.
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Figure 5.5: Tension versus arc-length along the fiber.
The computational results show that the derived model has the ability to predict the
expected behavior of the fiber. Moreover, the projection approach to the steady-state
model appears to produce quite good results. A test of the accuracy of the numerical
results needs further works, like inclusion of temperature and aerodynamic force into
the model.
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Chapter 6
Conclusions
In the present thesis, a dynamic model for a single viscous fiber emerging from a
rotating device under the influence of inertia, viscous, gravity and rotational forces
has been developed. The underlying physical behavior of such a fiber is described by
the incompressible Navier-Stokes equations in combination with free surface boundary
conditions. An asymptotic analysis with respect to the thickness of the fiber leads to
a simple one-dimensional model with that it is relatively easy to analyze the steady
and dynamical behavior of the problem.
The derivation of the numerical schemes for the unsteady and steady state fiber
model by finite volume method and their simulations for a wide range of parameters
including realistic parameters based on industrial data have provided a deeper under-
standing of the mechanism involved in this process. However, a number of extensions
can be made in future works investigating questions like stability, consistency and
convergency of the schemes.
The derived model provides a basis for the mathematical description of the fiber
spinning process. It will hopefully play a helpful role in the optimization of current
industrial fiber production. It can be further extended by incorporating the temper-
ature, surface tension and aerodynamic effects. Although glass wool production is
the main focus of this thesis, the derived asymptotic model and the developed finite
volume code are applicable to a wide range of problems concerning slender Newtonian
fluids driven by gravity and centrifugal forces.
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APPENDIX
Notations
Throughout this thesis we have denoted scalar-valued quantities by normal size letters
(p), vectors by lower-case bold face symbols (v) and second order tensors by bold face
upper-case symbols (S). Furthermore, some of the used notations are listed below.
Variables and coordinates
t time variable
s arc-length parameter
ρ density
µ coefficient of viscosity
σ coefficient of surface tension
p pressure
u intrinsic velocity
ω speed of the rotating device
w speed of the free surface
κ curvature
κ mean curvature
λ torsion
 slenderness paramter
A cross-sectional area
V mean velocity
L0 characteristic length
L fiber length
R radius function
r space coordinates
x = (x1, x2, s) scaled curvilinear coordinates
v velocity
f body forces
r˘ coordinate transformation map
x˘ inverse of r˘
γ center-line
τ tangent vector
η normal vector
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b binormal vector
S stress tensor
I identity tensor
F coordinate transformation matrix
G inverse of F
J determinant of F
Set and spaces
  + set of positive real numbers
∅ empty set
Ω fiber domain
Γfr free surface of the fiber
Γin inflow domain
Γlat lateral surface of the fiber
Lin set of linear transformation
C1 space of 1-times continuous differentiable function
Non-dimensional parameters
Re Reynolds number
Fr Froude number
Rb Rossby number
Operators and functions
d/dt total derivative with respect to time t
∂t partial derivative with respect to time t
∂s partial derivative with respect to arc-length parameter s
AT transpose of the matrix A
tr(A) trace of A
det(F) determinant of F
‖ . ‖ Euclidean norm
| . | measure of a set
∇ gradient operator
Mathematical symbols
The following mathematical notations used in Chapter 2 are based on Einstein sum-
mation convention. The notations are mostly chosen according to [1]. Latin indices
such as i, j and k take the values from 1 to 3.
a · b = aibi (a⊗ b)ij = aibj
(∇a)ij = ∂iaj (∇ · a) = ∂iai
(∇A)ijk = ∂iAjk (∇ ·A)ij = ∂iAij
(A : B) = tr(A ·BT ) (a ·A)k = aiAik = (AT · a)i
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